Service Engineering - Recitation 5

Fluid Models, with Applications to Staffing

* Part 1. Queue Build-Up Diagram (p.2-3)
* Part 2. Fluid Models (p. 4-8)

* Example Tele-SHOP (p. 9-24)
EXCEL Tool Solver

* Part 3. V-model (p. 25-26)



Part 1. Queue Build-Up Diagram

* Process Flow: A supermarket receives from suppliers 25 tons
of fish per month. The average quantity of fish held in freezer
storage is 16.5 tons. The amount sold is 21.5 (tons per month)
in Jan-Apr, 25 in May-Aug, 37 in Sep-Oct and 20 in Nov-Dec.
There was 10 tons of inventory at the beginning.

Inventory/Queue Build-up Diagram.
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Part 1. Queue Build-Up Diagram (2)

* On average, how long does a ton of fish remain in freezer storage between
the time it is received and the time it is sent to the sales department?

*  We want to use the Little’s Law. How do we compute L?
o by calculating the area below the inventory build-up graph:

Inventory/Queue Build-up Diagram.
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1Tx & + 24x 4 + 12x 2 + 5x L =
g + 8 + 2 + 3 =165
L 165 . ,
e Then, W = 1T s T 0.66 months, on average, is the period that a ton

of fish spends in the freezer. 3



Part 2. Fluid Models

e Deterministic View

o A(t) - instantaneous arrival rate at time t

o c(t) - instantaneous capacity of the system, at time t
(maximal potential processing rate)

o O0(t) - instantaneous processing rate at time t.
e §5(t) < c(t).

o Q(t) - total amount of material in the system, (being
processed + queued) at time t.



Part 2. Fluid Models (2)

e Assume that Q(0), A(t) and 6(t) are given for all t € [0, T].

* Then Q(t) is the solution of the nonlinear differential
equation 7 Q (1) = A(t) = (1), Q(0) = Qo, ¢ € [0, T].
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Figure 6.5 In a fluid model, the
customers can be viewed as a liguid that

accumulates in a tub. Queues increase
when the fluid enters the tub faster than it

leaves.



Part 2. Fluid Models (3)

d
20 = A(t) - 6(£),Q(0) = Qo, t € [0,T]
o The general solution may be very complicated.

o How to create or plot Q(t) = (Q(0),Q(t,),Q(t,),...,Q(T))?
Start with Q(0). Thenfort,, =t,,_; + At,n =1,2, ...
Q(tn) — Q(tn—l) + A(tn—l) - At — a(tn—l) - At

EXCEL software can be used (will be shown later in
an example)



Part 2. Fluid Models (4)

* Each little tube (on slide 5) can be viewed as a server. Consider a
gueueing system with one class of customers and one service station.
o A(t) - instantaneous arrival rate at time t
o U —service rate, constant in time
o N(t) - # servers in the system at time t
o Q(t) - total # customers in the system, (being served + queued) at time t

- c(t)=u-N(t)
5 0()=u-(Q(t) AN(t)) (where a A b = min(a, b))

- 2o =2®) -1 (QUOAND)

* |f we add the possibility to abandon queue (where 6 is the abandonment
rate for each customer in queue):

L2 =20 —p-(QEOAN®D)-8-(Q) —N®)"



EX. Tele-SHOP (HW Question)

* Tele-SHOP is a commercial channel dealing with online sales, which is
operated by a call-center. In order to increase profits decided to place a
30-sec daily advertisement on national TV, at 20:00.

* |t turns out that the arrivals to the call-center are well approximated by an
inhomogeneous Poisson process, with an arrival rate function given by
the graph: 1000
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* The call center operates from 16:00-24:00.
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* The service duration of each incoming call has an average of 12 minutes.
*  The number of servers in the system is fixed and equals N.



EX. Q(t)

* Assuming that no abandonment takes place, plot Q(t) for N=0,150,200.
o We use an EXCEL spreadsheet

Q(6) = Q(5) + A(5) - At — - (Q(5) AN(5)) - At

Y
AEC|D|E|F|G|H|\\J|

1 | Time minute lambida mu N Humber-in Staffiny/Cost Cueue Waiting 'I:llr.'.t\\ll'-L Cost
2 0.08 50 Systam g 1 174343.43
~ 3 | 1800 0 1B56REY &0 0.000 0
4] 1EM 1 1.ESRREY &0 1.B&7 400 0 a
5| 102 2 1 BSRREY al 3.194 400 0 0
B | TRO3 3 1 EabkES A 4.555 &l 0 0
_F | 104 4 1 GE66ET a0 5.67% 40 1] a
B | 1605 5 1 B566E7 a0 7.055 40 1] a
9 | 1606 5 1 656667 a0 8.134 4[] 0 a
10| 1607 7 1 GE66EY a0 9123 40 0 a
11 1B08 B 1 B5EREY &0 10,029 400 0 a
12| 1609 9 1 BSEREY &0 10.B&0 400 0 a
13 10 0 a

16:10 1.B5R6ET 0 11,623 400
J Il —,Ir\L !l'—
|
=100/6 =$E%2 \ =3G3S2*E13 | =$I$2*H13
|

=F12+C12-SD$2*MIN(F12.E12)| | =MAX(F13-E13.0)




=X Q(1) (2)

N=150

Dynamics of Q(t) for N = 150
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EX. Q(1) (3)

N=200
Dynamics of Q(t) for N = 200
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=X Q(1) (4)
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EX. Q(t) with Abandonments

*  Now assume that waiting customers can abandon from the system and the abandonment

. . . 1
rateis @ = 6 customers per hour (i.e. each waiting customer abandons after an average of 5
hours, if he was not admitted to service before).

Q(6)=Q(5)+A(5) -At—pu-(Q(5)AN(5))-At —6-(Q(5) — N(5))+ - At

B~ -= -mﬁéﬁf:ﬁﬁcrmnﬁ Excel '-. — ||H:| E‘ﬁ |
Home Inserd Page Layout Formulas Data Review View Developer &3 a' (e 53
Arial 10 | = Elgl § General % E"J j“—‘[nsert ¥ xE % ‘-Ef'
Ba- B I U~ | A A EE=E=HE- $-% " &% Detete ~ | [§]~ 34~
R - & - gg gg Prv 0 oo ﬁ’ﬂpmmat v | QP |
Clipboard 1a Font a Alignment Ta Humber ) Cells Editing |I
k6 . £ ._=F5+C5-§[?%2*M'N!__FW_}-%H%?/‘55 -
A B C D ST s | G H =
1  Time minute lambda mu N Number-in ueue Abandonment Rate 3
2 0.08 150 System 0.1 ‘ =
3 | 16:00 0 1.666bGY 150 0 0 T
! 4 1601 1 1.666667Y 150 1.666666ET 0 |
I:_E_ 16:02 2 1.66b6G&Y 150 319444444 0 i
i| 16:03 3 1.666667 150 Ifl_ErEMEIUM‘I! 0 I
7| 16:04 4 1.666667 150 h. 87866512 0
g | 16:05 h 1.666BBGS 160 705544303 0 |
| 9 | 16:06 6 1.6666G6Y 150 8.13415611 0
il 10| 16:07 7 1666667 160 912297643 0 13
11| 16:08 8 1.6b6b6bGY 150 100293951 0



EX. Q(t) with Abandonments (2)

* N=150
Dynamics of Q(t) for N = 150 with abandonment
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EX. Profit Maximization

Define
o - staffing cost rate (monetary unit per one unit of work)
o r-service completion reward per customer
o S-abandonment penalty per customer
o h-waiting cost rate (monetary unit per unit of waiting time)

Then the total profit is

T
o €M = fo [ru(Q: AN) — (s8 + h)(Q; — Ny)* — cN,]dt
o Depends on the staffing function N = {N(t),0 <t < T}

How to choose the optimal staffing N=N(t) in order to maximize the profit
cN?

o Exact solution is usually not available.
o EXCEL Solver can be used in order to compute an approximate solution.
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EX. EXCEL Solver

Activate Solver Add-in
File -> Options -> Add-Ins -> Solver Add-in
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EX. EXCEL Solver (2)

* |llustrative example

q.hﬁcrmﬂ Excel - Book1 E3 Microsoft Excel - Book1

'5 Eﬂﬁ’ Eﬁh’c Miew Insert  Faormat Todls: Data window _ﬂélp Adobe POF E File Edit Wiew Insert Format  Tools Data  Window Help  adobe PDF
Pl gla s o)z sl @ B BN IR T A R e R - [
5213 et
FiID = A =DI02 F10 - A =(D10-2p2
A | B [ ¢ | o [ E e T @ A | B | ¢ | o | E [ F T ©

[EE e Ot Uaing-Sulet | Exarmple of using Solver
ML ] Minimizing  Y=(x-2)2

Help

1
5 1
3 .
= 2
o E
A -
5| subjectto | Xe= 5 | subject to T—
- Ae= 1 EA vem
i |5 |
= - B 5 % v
el 10 B4 =
i i 0] 1 1
% Solver, Parameters rz| EEl
E Set Target Cell: IL . Solve | 1‘!31 -
% Equal Ta OMax  @Mn  Ovaleof: |0 5 Solver Results
7 e 16 Solver found a solution, Al constraints and optimality
E |$D$1I3 17 conditions are satisfied, Reports
18| Subject ta the Canstraints: Cptians % ggigg:fity
ﬂ = Aam | - Limits
A ;Bﬁg :; -15 ﬂ () Restare Original Yalues
22 -Change | 1|
23 — | 22| [ ox | [ cancel | [ gaveScenario.. | [  Help |
21 7]
% 24
= 25|
27

17



EX. Profit Maximization (2)

Case 1: Assume N fixed. Minimize the cost of running the call center
o An hour work of a server costs $48 -> ¢ =0.8
o Minute waiting of a customer costs S1 -> h=1
o Assume no abandonments (6=0) and no rewards (r=0)

o Use Solver to solve this problem

=SUM{G4:G483)+SUM(14:1483)
A B ¢c | o | E | F | & | H | \ \ 4
1 | Time minute lambda it | Number-in Staffing Cost Queue Waiting Cost\\l'\- Cost
2 0.08 50 System 0.3 1 174343.43
_3 | 1600 0 1.6566ET &0 0.000 1]
4 1EM 1 165667 a0 1.B67 40 1] a
5 | 1ED02 2 1 FEERRES a0 3.194 40 0 1]
_B | 1803 3 1 Eahkbs Al 4.595 40 0 ]
_F | 1604 4 1 656667 a0 5.679 40 1] a
_B | 1605 3 1 656667 an 7.055 40 1] a
9 | 1606 G 1656667 a0 3.134 40 1] a
0] 1607 7 1.6566E7 a0 9.123 40 1] a
11| 1E08 3 1.6566ET a0 10.0249 40 1] a
2] 1E08 9 1656667 a0 10.660 40 1] a
13| 1E:10 10 1.656EET ] 11.621 40 1] a
- /Ay R— .f
|
=100/6 =3E3$2 I|I =3G32*E13 =$I$2*HI13

II
=F12+C12-3D32*MIN(F12.E12) ’_=]"~.-1AXfP13—E13,0]




EX. Profit Maximization (3)

e (Case 1 continued

Solver Parameters

C settargetcel:  [$42 " Solve | Set Target Colodric [ [ Solve

Equal To: ) Max  (eMin! (O valueof: |0 | <: Equal To: ) Max @Miu_; ) value of: o >
By Changing Cells: By T -
$E$2. [ 4E$2
Subject to the Constraints: —P Subiject to the Constraints: Options
$E$2 5=0 [4E42 »=0

T b i

Changs Change
: |

Delet
— | | [Coeee ]
3

Solver Parameters ' Solver Parameters

;gt Target Cell: [$242
EqualTo:  Oipax &

. Solve
i (Ovalueof: 0 |
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|$E$2 >=10
$H§483 <=0

]
1
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(%n’/
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Cell Reference: Constraink:
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EX. Profit Maximization (4)

Case 1 continued

Solver Parameters

Set Target Cell: 2 [
Equal To:  OmMax ®iini O Valueof; 0 Solver Results @
Brihonghg et Solver found a solution. Al constraints and optimality
'$E$2 conditions are satisfied. Reports
! - | Answer
Lﬁ,[b]ect t_o the Canstraints: I ©[eeep Saver Saliion] Emts;tivity i
ggii;a—f- i O Restore Original Values
. Change [ 0.4 ] [ Canicel ] | Save Scenario. .. ] [ Help ]
I
—
C D E F 1 G | H |
1 | lambda m ber-in Staffing Cost Queue Waiting CgSt
2| 0.0 ystenm 0.8 |
3 | 1.66bo67 148, 3707 0.000 0
4 | 1.BEBEEY 1493707 1.667  119.4965457 0
5 | 1.666667 1493707 3194 119.4965457 0
| 1.66BEET 1493707 4 585 119.4065457 0
7 | 1.6bBEEY 1493707 5879 1194985457 D
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EX. Profit Maximization (5)

* (Case 1 continued

Solution: The optimal staffing N* = 149 and the cost CV" = 63, 534.
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EX. Profit Maximization (6)

* Case 2: Assume that the staffing can be changed at each hour.

AT 8 [T T o [ [ F [ & T w [ T 7 ] I
1 Time minute lambda T N NHumber.in Staffing Cost Queue Waiting (st Staffing Cost
2 .08 System 0.5 1 Time 4473.43
_3 | 100 0 1656667 50 1] 0 16:00-17:00 ———
4 180 1 1658667 =1 1. BEESEEET 40 0 0 17:00-18:00 - k3
5 | 1E02 2 1.55EEET g0 315444444 40 0 0 1&:00-1%:00 e
6 | 1503 3 1 EERERY a0 4 58430741 40 I 0 19:00-20:00
7 | 104 4| 1.BSEER7 50 5 HYESES12 40 0 0 Z0:00-21:00 k4
g | 1605 5 1556 50 702548303 40 1 0'21:00-2200
9| 1606 B 1.656EGS 40 G, 13418611 40 0 0/ Z2:00-23.00
o 1e07 7 1E5EEET g0 912297643 40 0 0/ 23:00-24:00
1] 1508 g 1 EERERY a0 10253951 40 0 0

i ! i i i

[ A E | © [ D | E T °F G | H | [ J K [ L |
1 Time minute  lambda m LN Mumberdin Staffing Cost Queue Waiting Cost  Staffing Hourly Cast
2 0.08 | System 0.8 1 Time Staffing 194473.43
%15:&? 57| 1.6EEEET T 15,360 40 0 i
e 558 1.BEESET a0 192.87 A0 0 a
B2 1559 959 1.EEEEET a0 19.882 A0 0 d
B3| 1700 B0 1.GEEGET ad 19.8%2 A0 0 g
B4 1T 61 1.6BEGET 2 19.901 15 0 d
BS 1 62 1.GEEGET 2 19,509 16 0 d

1?:3‘;3 63 1.BEESET 2 19817 16 0 a

$1c$4’—‘ 22



EX. Profit Maximization (7)

Case 2 continued

H [ [ | J [ K | 1= |
Dueng Waiting Coest  Staffing Hourly Cost
1 Time Staffin 194473.43
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0 019002000 il
D 020002100 } 0!
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EX. Profit Maximization (8)

Case 2 continued

Solution

. The optimal cost CV" = 23,133.

200
180
160
140
120
100
80
60
40
20
0

AN

—

Vs

16:00

17:00

16:00

19:00 20:00 21:00

|— number in system — StaﬂingJ

22:00 23:00

Q04

24



Part 3. V-model

* Assume there are two classes of

0

0

o

customers ﬂ'l l l ﬁT
VIP (Class 1), with arrival rate A, (t)
Regular (Class 2), with arrival rate 4, (t) u u
Each server serves both classes, with rates
u; for class i (i=1,2)
, Ay H
Define Q;(t) to be the total number of
class i customers in the system, i=1,2 -
)
N

* LetQ(t) = Q.(t) + Q,(t). Assume Q(0) = 0.

o

Is it possible to write the differential equation for Q(t) without
any additional assumptions?
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Part 3. V-model

* A routing policy: assume that the call center works in the
preemptive-resume regime:

o At every moment a service to a customer can be interrupted (in this

case a customer goes back to queue of its class) and resumed at a
later time.

o VIP customers are high priority customers, which means that no

regular customer can be in service while VIP customer is waiting.

 Differential equation for Q;(t),i =1, 2

o

L04(8) = 1,() — 1 - (Q1(D) AN(D)), 01(0) = 0,
7@ =10~ (QOAN® - G®)"), (0 = 0.
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