
Class 7 (14/12/2005)

Arrivals: Some Loose Ends
Service Times; Phase-type Distributions

Arrivals: Review

• Poisson processes (Scaling a Bernoulli Process);

• Brownian Motions (Scaling and Centering);

• A unifying (axiomatic) framework: Levy Processes.

Defining, Modelling and Designing Service Times

• What is ”Service-Time”? via Empirical analysis of face-to-face, telephone services; hospitals,
...

• Service time is a Statistical Distribution: lognormal, exponential.

• Service time is a Process: Phase-type distributions.

• Beyond Means and Beyond CV’s.

• Stochastic Ordering.

• Subtleties.

Recitation 7

• Log-Normal models for Call Center Service Times;

• Phase-Type Services - An Example;

Laws of Congestion: Old and New
The 0-th Law for (The) Causes of Operational Queues :

Scarce Resources and Synchronization Gaps (in DS-Project Networks);
The First Law of Conservation :

Little’s Law for Customers, Service-providers and Managers.
Little’s Law for the Offered Load (Utilization Profiles).

The Second Law of Completely Random Arrivals :
Levy/Watanabe Axioms of Randomness;
The Law of Poisson-Counting (Law of Rare Events);
The Law of Independent Memoryless (Exponential) Inter-arrivals;
The Brownian-Law of Rescaling & Centering Arrivals;
The Laws of Decomposition-Superposition.

The Third Law of Human Service-durations :
The Law of Phase-types for the Durations of Human Upaced Services;
The Empirical Law of Exponential/Log-Normal Durations.

The Fourth Law of Sampling :
Random Sampling: Wolff’s PASTA = Poisson Arrivals See Time Averages;
Biased Sampling: Costs of Randomness; (Coefficient of Variation, or Form Factor).
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Bernoulli ⇒ Poisson

∀n, iid ∆n
k =




1 pn = λ
n

wp
0 qn = 1 − pn

, Sn(t) =
�t�∑
k=1

∆n
k , t ≥ 0 .

Rare Events: Sn(nt) ∼ Binomial (	nt
, λ
n
) =⇒ Poisson (λt), t ≥ 0.
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Bernoulli ⇒ Brownian (Review)

iid ∆k =




1 p = 0.25
wp

0 q
, S(t) =

�t�∑
k=1

∆n
k , t ≥ 0 .

FSLLN: 1
n
S(nt)

wp1−→ p · t ; FCLT:
√

n[ 1
n
S(nt) − p · t] d⇒ BM(0, pq)
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fXWgThWg`jfXWg`id_TPk�^gY_MnmekjTh^�`bW7UqOP�rfXY_^g�PYVRÑ`jcqWgxeY=\rkbOPWgf_��S�xe`idax�OPvwd[Onm�^afXY+^gYVTPkikbU¢`jfFOnm�^
t	TP`jc|`ic�WXY_^�YVfXW_yJþ"m�W�c�O½S kbY_W�mef�^gY_Wgm�^�cFv�OP^�T	tDOnt	YVc�W�WXO�Wgx�Y¤MnTPtDY¤OPv5daxeTPced[YPy
L¬MnTPt¡�rki`ic�MFx�OnmefgY	d_TPcec�OPW¤T¯�>OP^�R=WXO{t	Th�PY	WgxeYDMnTPtDY	v�TP`b^Vy¡��x�Y~MnTPt��rkj`ic�M

x�OnmrfXY{c�Y_YVRef~WXOudaxeTh^gMPY�T+v�Y_Y{MP^�YVThWXY_^�WgxeTPcpWgx�Y|Y[ZQ\>YVd[WXYVR¢\rTVUPOh�ô`icsOP^�ReY_^	WXO
t	Th�PY�T¡\e^gOh·rW_y� �xeThW"S�OnmekjR	�>Y�T¡MPO�OKR�v�Y_Y�v�OP^"Wgx�Y�MnTPt���ki`ic�Mwx�OnmefXY�WXOwdaxeTh^gMPY>Á
øe^gOnt�Wgx�Y¤\>Y_^�fg\]YVd[Wg`i�PY�OPv�Wgx�YlMnTPt¡�rki`iceM~xeOnmefXYP��Onc�Y¤t	`iMnx�W�Wgxe`jc���Wgx�Y¤kjTh^gMPY_^

Wgx�Y�v�Y_Y�Wgx�Y��>Y_WXWXY_^V�Q�rm�WJWgx�Y�\rkjTVUPY_^�fJ\e^gYVfgmet�Th�rkbU~xeTV�PY�Wgx�Y�dax�On`id[Y�OPv.S�x�Y_Wgx�Y_^�OP^
c�OPW�WXO�\rkjTVUPy � v�Wgx�Y¡MnTPt���ki`ic�M	x�OnmrfXY�d�xrTh^gMPYVf�WXO�Oot¡medax.�rv�Y_S�\�kiTVUPY_^�f�S�`ikjk>S)TPc�W
WXO+\rkiT�UPyÓ��x�Yov�Y_Y|fgxeOnmekiRÓ�>YFkiTh^gMPYFYVc�Onm�Mnx@v�OP^~Wgx�YFMnTPt��rkj`ic�M}xeOnmefXYoWXO+t�Th�PY
tDOnceY_UP�5�rm�W~fgt	TPkikJYVc�Onm�MnxsfXO�WgxeThW~\]OPWXYVc�Wg`iTPk�\rkiT�UPY_^�fwS�`ikik5S"TPc�WwWXO+\rkjTVUPy� =Y
WgTh�PY¤WgxrThW�WXO�tDYVTPcFWgxeThW�Wgx�Y¤`jceRe`b�K`iRemeTPke\rkiTVUPY_^af�fgx�OnmekjR�xeT��PY�T~MPOQOQR{daxeTPced[YlOPv
S�`jcece`ic�M�yylc�Y�t�`bMnx�W�Wgxe`ic���WgxrThWoWgxeOnfXY}OP�c�ÎYVd[Wg`b�PYVf|Th^�Y+`jced[Oncefg`ifgWXYVc�W_���rmeW�Wgx�Y_UqTh^gY
c�OPW_yG��x�Y��PY_UoWXO	TPdaxe`bY_�K`ic�M~Wgx�OnfXYlOP�c�ÎYVd[Wg`b�PYVf�`if"Wgx�Y�^gYVTPki`*)VThWg`iOncFWgxeThWHQ7\]O�i�èbâ�epO[á
âhã]ä,Q7\]OZm�âhæ¶`[è d ãEm:\QåhüQý�O~ObÂqicO_á d O[ã6NPO�Q7\]Okm�âhæ¶O d ã�ä d ° O[áTO[ãRQ}Q d æ¶O|ýhNaâhè*O[ýaypL�c
`icrRe`b�K`iRemeTPkQ\rkiT�UPY_^�t	`bMnx�W)d[Onc�WXYVtD\rkiThWXY�\rkjTVUK`ic�M¤Wgx�Y�MnTPtDYD³_±P±wWg`itDYVf)OncFT¡f�`ic�MnkbY
ReT�UP�hS�xe`ikbY�Wgx�YGMnTPt¡�rki`jc�M�x�OnmefXY�t	`bMnx�W.Oh�]Y_^�Wgx�YGMnTPtDY�WXO�xQmeceR�^gYVRrf>OP^�Wgx�Onmef�TPceRef
OPv�\rkiT�UPY_^�f�Onc|YVTPdax{OPv5t	TPc�Uod[OncrfXYVd_m�Wg`b�PYwReTVUKf_y
��x�mefV��Wgx�Y�\rkiTVUPY_^"t	`bMnx�WJY_�hTPkimeThWXY�xe`ifJY[ZQ\>Y_^�`iYVced[Y��QUDWgx�Y�\>Onfgf�`b�rkbY"Onm�Wgd[OntDYVf

v�^gOnt�Th�]OnmeW�³_±P±w\rkiT�UQf�OPvBWgx�Y�MnTPtDYP�KS�xe`ikiY�Wgx�Y�MnTPt��rkj`ic�M�x�OnmrfXY�t	`iMnx�W)Y_�¯TPkjmeThWXY
`bWgf)Y[ZK\>Y_^�`bYVced[Y���U�Wgx�Y�\>Onfgf�`b�rkbY�OnmeWgd[OntDYVf"v�^�Ont�fgOntDY_Wgxe`ic�M~ki`b�PY~³_±�U 8 ³_±�u�\�kiTVUKf
OPv)Wgx�Y	MnTPtDYPy� �xrThW¤S�Y�c�Y_YVR.��WgxeYVc.��`if¤T{v�Y_Y�d_kiOnfXYDYVc�Onm�MnxuWXO~Ã¯±K¼ W ±{WgxeThW�Wgx�Y
\rkjTVUPY_^�xeTPf�TwMPO�OKRFd�xeTPcrd[YlOPvBS�`icecr`ic�M�`ic�³_±P±~\rkiT�UQfV�QS�xe`ikbY�WgxeY�MnTPt¡�rki`jc�MwxeOnmefXY
^gYVd[YV`i�PYVf�TDMPOQOQR{^gYVki`iTh�rkiY�^gY_Wgme^�c|O��PY_^w³_± U.8 ³_± u MnTPtDYVfVy
L ^�YVTPfXOnceTh�rkbY¡v�Y_Ywt	`bMnx�W��>Y¥Ã¯±K¼ W ³h�.Mn`b�K`ic�MDWgxeY�MnTPt¡�rki`ic�M�x�OnmefXYwT�³wd[YVc�W�OP^

© �®TPR��hTPc�WgThMPYDOnc}YVTPd�x+\rkjTVUPyw�M¤lTPt��rkj`ic�M�xeOnmefXYVf�TPd[WgmeTPkikbU|WXYVceR}WXOoWgTh�PY~t	OP^gYP�
S�xr`id�x�fgx�O½S�f�WgxeY+Th\r\]YVTPk�OPv¤MnTPt¡�rki`iceM R�YVfX\�`bWXY}WgxeY}OKReRef_yê� �¿O@fXY_Y=x�O½S¸Wgx�YÃ¯±K¼ W ³�v�Y_Y�S�OP^��Qf_��kbY_W�mef¡d[Oncefg`iReY_^¤Wgx�Y	\>Onfgfg`i�rkbY~Y[ZQ\>Y_^�`iYVced[YVflOPv�Wgx�Y	\�kiTVUPY_^wTPceR
Wgx�YlMnTPt¡�rki`jc�M	x�OnmefXYPy � c{ø�`bMnm�^�Y	³hy¹�~S�Y�\rkbOPW�fg` Z|`iceReY_\]YVcrR�YVc�W)^gYVTPki`�)VThWg`bOncef�OPv�T
\rkjTVUPY_^�» f�\>Onfg`bWg`bOnc}Rem�^�`jc�M�³_±P±F\rkiT�UQf�OPvJWgxeY¡MnTPtDY~S�xeYVc�Wgx�Y_^�Y~`jf�T�v�Y_Y~OPvzÃ¯±K¼ W ³
v�OP^�YVTPd�x}\rkiT�UPy���xeYlMnTPtDY¡kbOQOP�Kf�\e^gY_WXW/UF`jc�WXY_^gYVfgWg`ic�M	v�OP^�Wgx�Y¤\�kiTVUPY_^�v�^gOnt®ø�`iMnm�^gY
³hy¹�QyG��xeY�\rkiT�UPY_^)xrTPfJT¡^gYVTPfXOnceTh�rkiY�d�xrTPced[Y�OPv.S�`icece`iceM�y � crR�Y_YVR.��WgxeY�\rkiT�UPY_^�S�`icef
`ic{\rkbOPWgf ( TPceR W �]TPceR{·�ce`if�x�YVf�Th�>Onm�W�Y_�PYVc+`ic|\�kbOPW © y���O�S R�O�Wgxe`ic�Mnf�kiO�OP�|v�OP^
Wgx�YlMnTPt¡�rki`jc�M	x�OnmefXY>Á
�¿O�fgY_Ywx�O½S�Wgx�Y¡MnTPt���ki`ic�M�xeOnmefXY�v�Th^gYVf_��S�Y~fgx�OnmrkiR|kbOQOP�{ThW�Wgx�Ywc�Y_W�\rT�UPOh�>f
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YVfgfgYVc�Wg`iTPkjkbUwT�fgm�^gY�Wgxe`jc�M�y¿ �x�YVc�S�Y�`jced[^gYVTPfXY�WgxeY�c�mrt��>Y_^GOPv>\rkiT�UQfGWXO�³_±�uh��WgxeY_^gY
`if�ki`bWXWgkbYl^aTPceR�Ont	c�YVf�f�kbY_v�W_y���xeThW�`if�fgxeO�S�c}`ic{ø�`bMnm�^gYo³hyi³P³hy�øeme^gWgx�Y_^�^�Y_\]Y_Wg`iWg`bOncef
OPv)Wgx�YDY[ZK\]Y_^a`itDYVc�W�d[Onc�·r^�t¸Wgx�YVfXYDOP��fXY_^g�hThWg`bOncef_y~ =Y�ThMnTP`icufXY_YDWgx�YD^gY_MnmekjTh^�`bW7U
TPfgfgOQd_`iThWXYVR�S�`bWgx|TDt	TPd[^�Onfgd[OP\r`idl�K`bY_SôOPv�meced[Y_^�WgTP`ic�W/UPy
L��>O��PY|S)YF\r`idg�PYVRsT+d_TPceRe`jReThWXYFv�Y_YFOnm�W~OPv�WgxeYFTP`i^Vy= =Y|d[OnmekiRs`icefXWXYVTPR@�>Y

tDOP^�Y¡fXUKfXWXYVt	ThWg`idhy�ø�OP^�Y[ZKTPt	\rkbYP�]S�Y~t	`bMnx�W�fXY_Y_��Wgx�Y¡kiTh^�MPYVfXW�v�Y_Y¡f�med�x}WgxeThW�Wgx�Y
\rkjTVUPY_^�fgThWg`jfÎ·rYVflfXOntDY�d[^�`bWXY_^�`iTF`icrRe`id_ThWg`ic�MFTFMPOQOQR=Y[ZK\>Y_^�`bYVced[YPyD£�Y_WXWg`ic�M|Wgx�YDv�Y_Y
v�OP^~YVTPd�xsMnTPtDYF�>YaÄ��5S)YFt	`bMnx�W¡S"TPc�WDWXO=d[OncefgWX^�TP`ic Wgx�YF\e^gOP�rTh�r`jki`bW7U / WgxeThWDT
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Mathematical Framework: Levy Processes

Discrete-time: Random Walk

S(n) = ∆1 + · · ·+ ∆n, n ≥ 0, where ∆1, ∆2, . . . , i.i.d. r.v.

S(0) = 0 .

Properties:

1. S(m + n)− S(m)
d
= S(n)− S(0) ∀m,n ≥ 0 (

d
= same distribution)

2. S(m1)− S(0), S(m2)− S(m1), S(m3)− S(m2), . . . independent ∀m1 ≤ m2 ≤ · · ·

S = {S(n), n ≥ 0} has stationary (1) and independent (2) increments.

The continuous-time analogue is a

Levy process A stochastic process X = {Xt, t ≥ 0} is a Levy process if

(0) X(0) ≡ 0 (for simplicity);

(1) X has stationary increments, that is

X(t + τ)−X(t)
d
= X(τ) ∀ t, τ ≥ 0;

(2) X has independent increments, that is
X(t + τ)−X(t) independent of {X(s), s ≤ t}, ∀ t, τ ≥ 0;

equivalently, X(t1), X(t2)−X(t1), X(t3)−X(t2) . . . independent ∀ t1 ≤ t2 ≤ · · ·
(Technical) (3) X is continuous in probability: limt→0 P{|Xt| > ε} = 0, ∀ε > 0.

(Convention) (4) X has sample paths that are Right-Continuous with Left Limits (RCLL).

The Distribution of a Levy Process. (Probabilistic Characterization.)

The finite-dimensional distributions are determined by marginals:

X(t1), X(t2), X(t3), . . . ⇔ X(t3)−X(t2), X(t2)−X(t1), X(t1)−X(0), . . . independent
X(t3 − t2) X(t2 − t1) X(t1), . . . stationary

In fact, they are determined by X(1)!
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Modeller’s Dream (from “qualitative” to “quantitative”)

1. A Levy counting process is Poisson
(Cinlar, pg. 71)

t

2. A Levy jump process is Compound Poisson
(Cinlar pg. 91)
changes state in jumps and jumps finitely
in finite times. t

3. A Levy continuous process is Brownian Motion
(Breiman pg. 248)
has continuous sample paths.

The “emergence” of the parameters:

Suppose ∃ m(t) = EX(t), t ≥ 0. Then

m(s + t) = E[X(t + s)−X(t)] + EX(t) = m(s) + m(t), ∀ s, t ≥ 0

⇒ m(t) = µ · t for some µ .

Suppose ∃ V (t) = Var X(t), t ≥ 0. Then

V (s + t) = V (s) + V (t), ∀ s, t ⇒ V (t) = σ2t, for some σ ≥ 0 .

Final Practical Characterizations

• Poisson process with parameter λ (Poisson(λ)): Levy and Counting;

Xt
d
= Poisson (λt), t ≥ 0.

• Compound Poisson: Xt =
∑At

k=1 ∆k, t ≥ 0, where

A = {At, t ≥ 0} is Poisson (λ); ∆ = {∆1, ∆2, . . .} iid (distribution F); A and ∆ independent.
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• Brownian motion, with parameters µ, σ2 (BM(µ, σ2)): Levy continuous sample paths;
Xt ∼ N(µt, σ2t), t ≥ 0.

µ = 0, σ = 1 ⇒ standard BM (SBM).

X
d
= BM(µ, σ2) ⇒ Xt = µt + σBt, t ≥ 0, with B = SBM.
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Dynamic Randomness: The Poisson Process

Hall, Chapter 3: The Arrival Process

Counting Process A = {At, t ≥ 0}, where At = cumulative number of arrivals during
[0, t].

Assume: A0 = 0; a single arrival at a time.

Characterization via sample paths of A:

t

A

or via times of events = jumps S1, S2, S3, . . .

or via inter-arrival times T1, T2, . . . : Sn = T1 + · · ·+ Tn, n ≥ 1.

tT T T T4321

0 S 1 S 2 S 3 S 4

• Completely deterministic arrivals at a constant rate λ : Tn ≡ 1
λ

.

• Completely random arrivals at a constant rate λ : ?

Today: a mathematical model for completely random arrivals at a constant rate.
(Later: varying rates.)

Contents

• Mathematical Framework: Levy Processes;

• Constructions:

Intuitive (via Bernoulli ⇒ Poisson);

Explanatory (via “must” properties: order-statistics);

Axiomatic (Levy + counting);

Practical (exponential interarrivals).

• Properties; PASTA; Biased-sampling & paradoxes.

• Inference & simulation.
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Hall, Chapter 3: The Arrival Process N = {N(t), t ≥ 0}
§3.1 Definition 3.2 requires too much. As discussed, Levy + counting ⇒

∃λ > 0 3 N(t)−N(s) ∼ Poisson [λ(t− s)].

In particular,

P{ N(t + dt)−N(t) = 1} = λdt + o(t)
{ = 0} = 1− λdt + o(t).
{ > 1} = o(t)

§3.2 Derivation of the Poisson distribution from Bernoulli.

§3.3 Properties of the Poisson Process.

1. Poisson marginals; number of events in any interval is Poisson;

ENt = λt , Var Nt = λt

⇒ C =
σ

E
=

√
λt

λt
=

1√
λt

small for t large.

2. Interarrival times which are iid exp (λ).

Beginning of proof: P (T1 ≥ t) = P (Nt = 0) = e−λt, t ≥ 0.

This is a characterizing property that is practical for simulation.

Extensions to T2, T3, . . . , and their independence, if rigorous, requires more
than the “it should be apparent” in Hall, pg. 58.

3. Memoryless property: time till next event does not depend on the elapsed time
since the last event.

4. Sn = T1 + · · ·+ Tn ∼ Gamma (n, λ) = Erlang.

5. Order-statistics property: Given N(t) = n, the unordered event times are
distributed as n iid r.v., uniformly distributed on [0, t].

⇒ simulation over [0, t] : N(t) ∼ Poisson (λt); U1, U2, . . . , UN(t) iid U [0, t] .

§3.4 Goodness of Fit

How well does a Poisson model fit our arrival process?

Qualitative assessments:

Airplanes landing times at a single runway, during an hour: no
Airplanes landing times at a large airport, during an hour: plausible
Job candidates that arrive at their appointments during an hour: no
Visits to a zoo, most of which arrive in groups, during an hour: no
Arrival times at a bank ATM = Automatic Teller Machine,

during an hour: plausible
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§3.5 Quantitative Tests

Graphical Tests:

cumulative arrivals vs. a straight line (Fig. 3.2)

paired successive interarrivals (Fig. 3.4)

exponential interarrivals
(How do you identify exp (·) when you see one? Use Histograms!)

§3.6 Parameter Estimation

Estimate λ = arrival rate.

MLE (Max. Likelihood Estimator), given A(t), t ≤ T : λ̂ = A(T )
T

.

Confidence intervals for 1
λ

: T
A(T )

± zα
T

A(T )3/2 (3.34)

Sample-size: for (1− α)-confidence interval of width w, N ≥ [2zα

wλ
]2.

Thus, for w = ε · 1
λ
, we need N ≥ [2zα

ε
]2.

(Eg.: 95%-confidence interval of width = 10% of mean, requires N ≥ [2×1.96
0.1

]2 ≈
1500!)
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Buzacott and Shanthikumar, on pages 154–155, provide an IE-discussion and references
on human task-time, stochastic variability and working rates. Their sources are likely to
be manufacturing-based. These are their key points:

• Much of the variability is beyond control of the operator.

• There exists minimum time of task duration.

• Paced vs. Unpaced work. (In Services, it is typically unpaced: no upper bound is
imposed on task duration.)

• Typically, for experienced operators service-time distribution is skewed with
P{T ≤ mean } ≈ 0.65 ≈ 1 − 1

e
, which is consistent with an exponential distribution.

(For many practical purposes, a distribution with CV ≈ 1 “is exponential”.)

• For inexperienced operators: greater mean and less skewness. (My understanding of
this: greater mean and more symmetry.)
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• It is not clear from the literature whether there is serial correlation in performing suc-
cessive tasks.

• Variation of working rate is rarely due to physical fatigue or exhaustion, but rather to
inserted-idleness, while the distribution of task-time is stationary over the day.

Personal Experience. Two patterns of service-duration density are prevalent:

One pattern “is exponential” and the other “is lognormal”.
It is interesting to understand what does the shape depend on: is it experience-related?
job-related? Research is needed to answer such questions.

Examples: Service (Process) Design

• Pooling Resources without changing the service process. (At the City Hall of Haifa,
moving the Treasury Department to a new location gave rise to phase-type service
durations, and motivated M. and Reiman.)

• IVR/VRU: Design of search protocols (Comverse).

• Phone Scripts: Design of phone/chat services at call/contact centers. (Electric Com-
pany).
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Contents

• Design of a service system (service time): Pooling.

• What is Service Time?

- Single- vs. multiple-visits.

- Time- and State-dependency.

- Sample Size

- Estimation and Prediction, Workload.

- Production of Health: Hernia, Even-Doctors-Can-Manage.

- After-service work: managing accessibility.

- Averages do not tell the whole story: the need for the distribution.

- Service Time is a Statistical Distribution: for example, Log-Normal, Exponential,
Mixture.

- Heterogeneity of Servers.

• Stochastic Ordering (of distributions).

• Exponential Service Times in Human Services:

• How does one recognize an exponential distribution in a histogram.

• mean = standard deviation (CV = 1) sometimes suffices, but not always. (For
example, in the QED regime things are yet unclear).

• Meta Theorem: Durations of human homogeneous services are either exponential
or lognormal.

• Service Time is a Process: Phase-type models natural and useful.

• Beyond CV’s: Some subtle effects of the service-time distribution in the QED regime.
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Abstract

We view each station in a Jackson network as a queue of tasks� of a particular type�

which are to be processed by the associated specialized server� A complete pooling of queues�

into a single queue� and servers� into a single server� gives rise to an M�PH�� queue� where

the server is �exible in the sense that it processes all tasks� We assess the value of complete

pooling by comparing the steady
state mean sojourn times of these two systems� The main

insight from our analysis is that care must be used in pooling� Sometimes pooling helps�

sometimes it hurts� and its e�ect �good or bad� can be unbounded� Also discussed brie�y

are alternative pooling scenarios� for example complete pooling of only queues which results

in an M�PH�S system� or partial pooling which can be devastating enough to turn a stable

Jackson network into an unstable Bramson network� We conclude with some possible future

research directions�

�� Introduction

A fundamental problem in the design and management of stochastic service systems is that

of pooling� namely the replacement of several ingredients by a functionally equivalent single

�

Later (Jackson Networks)



 
 

Two Local Municipalities 
 

 "Theorem" :  Durations of human homogeneous services "are" exponential 
 "Proof": Empirical (see below); Theoretical (phase-type dense); Scientific? 

 
Department Station Total Avg. Service STD Utilization Maximal Service

 No. Customers Time (Mins) (Mins)  Time (Mins) 
1 370 7.55 ± 0.68 7.96 37% 79.32 
2 951 5.42 ± 0.33 6.27 68% 105.20 
3 510 6.51 ± 0.50 6.94 44% 63.33 

Collection -  Reception 

4 377 8.41 ± 0.75 8.90 42% 58.15 
5 493 11.59 ± 0.80 10.88 76% 74.60 Collection - 

Immigrants 6 569 10.38 ± 0.62 8.98 78% 50.87 
7 114 10.80 ± 1.98 12.82 16% 93.73 
8 28 9.07 ± 3.56 11.50 3% 52.07 
9 47 18.32 ± 4.90 20.34 10% 113.57 

10 28 23.39 ± 5.52 17.75 9% 63.77 
11 59 11.99 ± 3.16 14.75 9% 70.30 

Collection - 
Back office 

12 128 16.73 ± 2.34 16.08 28% 88.68 
13 1460 2.51 ± 0.21 4.92 48% 52.18 

Cashier 
14 1416 3.86 ± 0.18 4.16 72% 46.92 
15 340 13.74 ± 1.07 12.02 62% 63.68 
16 363 10.88 ± 0.92 10.60 52% 87.92 
17 473 6.66 ± 0.50 6.68 42% 49.93 

Billing - 
Reception 

18 302 11.22 ± 1.30 13.81 45% 100.60 
19 34 19.29 ± 5.64 19.99 8% 78.27 Billing - 

Back office 20 13 12.20 ± 3.86 8.47 3% 29.28 

Total (1 month)  8075      

 
1 57 7.80 ± 1.70 7.61 6.5% 31.28 Water 
2 130 9.34 ± 1.20 8.37 19.3% 54.68 
3 336 9.04 ± 0.80 8.93 48.2% 49.05 
4 208 9.93 ± 1.00 8.82 33.0% 49.12 
5 417 8.97 ± 0.70 8.55 59.4% 49.37 
6 144 9.53 ± 1.20 8.75 21.8% 41.70 
7 156 8.03 ± 1.10 7.96 19.8% 35.27 

Tellers 

8 67 3.74 ± 0.70 3.58 4.0% 21.03 
Cashier 9 757 6.64 ± 0.40 6.94 79.7% 29.95 

Manager 10 190 1.99 ± 1.00 8.44 24.1% 38.97 
Discounts 11 317 4.59 ± 0.40 4.54 23.1% 36.72 

Total (1 month)  2779      

 
  * Service time ranges given with 90% confidence 

 
“STD = Mean” is what often (but not always) "counts" towards Exponentiality.  
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Local Municipalities 

 
 
 

Department Station 
No. 

Total 
Customers 

Avg. Arrival 
Rate  

Avg. Service 
Time  

STD 
 

Maximal 
Service 
Time  

Utilization 
 

Avg. 
Waiting 

Time  
   (1/Hr) (Mins) (Mins) (Mins)  (Mins) 

Water N/A 187 1.8 ± 0.2 8.87 ± 1.0 8.15 54.68 13.3% 4.76 
Tellers N/A 1328 12.6 ± 0.5 8.82 ± 0.4 8.55 49.37 30.8% 7.73 
Cashier N/A 757 7.2 ± 0.4 6.64 ± 0.4 6.94 29.95 79.7% 3.89 

Manager N/A 190 1.8 ± 0.2 7.99 ± 1.0 8.44 38.97 24.1% 9.16 
Discounts N/A 317 3.0 ± 0.3 4.59 ± 0.4 4.54 36.72 23.1% 3.65 

 
 
 

1 57 N/A 7.80 ± 1.70 7.61 31.28 6.5% N/A 
Water 

2 130 N/A 9.34 ± 1.20 8.37 54.68 19.3% N/A 
3 336 N/A 9.04 ± 0.80 8.93 49.05 48.2% N/A 
4 208 N/A 9.93 ± 1.00 8.82 49.12 33.0% N/A 
5 417 N/A 8.97 ± 0.70 8.55 49.37 59.4% N/A 
6 144 N/A 9.53 ± 1.20 8.75 41.70 21.8% N/A 
7 156 N/A 8.03 ± 1.10 7.96 35.27 19.8% N/A 

Tellers 

8 67 N/A 3.74 ± 0.70 3.58 21.03 4.0% N/A 
Cashier 9 757 N/A 6.64 ± 0.40 6.94 29.95 79.7% N/A 

Manager 10 190 N/A 1.99 ± 1.00 8.44 38.97 24.1% N/A 
Discounts 11 317 N/A 4.59 ± 0.40 4.54 36.72 23.1% N/A 

 

 *Service time ranges given with 90% confidence. 
 

 
Service Time Histogram – Overall: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

Range Frequency 
0-5 51.3 

5-10 21.1 
10-15 12.6 
15-20 6.7 
20-25 3.8 
25-30 2.3 
30-35 1.1 
35-40 0.6 
40-45 0.3 
45- 0.2 0%

10%

20%

30%

40%

50%

60%

0-5 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45 45-
Minutes
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y

AVG: 7.69 Mins
STD: 7.86 Mins
MAX: 54.68 Mins
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Government Office 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hour Frequency Service Time Waiting Time Waiting / Service Avg. Time 
  Avg. STD AVG. STD. Ratio In System 

8 421 2.7 2.7 17.1 14.1 6.5 19.8 
9 404 2.8 2.5 30.7 25.9 11.1 33.4 

10 349 2.9 2.7 29.4 30.7 10.1 32.3 
11 218 2.9 2.7 26.6 32.8 9.1 29.5 
12 317 2.2 2.5 23.3 20.3 10.6 25.5 
13 255 2.6 2.6 38.7 31.8 14.9 41.3 
14 244 2.3 2.7 34.1 38.6 14.5 36.4 
15 53 2.1 2.6 22.2 18.8 10.8 24.3 

Total 2261 2.6 2.6 27.6 28.1 10.5 30.2 

        
        

Date Frequency Service Time Waiting Time Waiting / Service Avg. Time 
  Avg. STD AVG. STD. Ratio In System 

23/10 411 3.0 2.7 26.4 25.9 8.8 29.4 
24/10 470 2.7 2.7 23.6 23.4 8.9 26.2 
25/10 515 2.3 2.5 29.3 30.3 12.6 31.6 
26/10 447 2.4 2.5 31.9 30.5 13.2 34.3 
27/10 418 2.8 2.9 26.6 29.0 9.4 29.4 

        
        

Department Frequency Service Time Waiting Time Waiting / Service  
  Avg. STD AVG. STD. Ratio  

Women 444 2.4 2.1 43.2 30.5 17.7  
Income 412 1.8 2.1 23.7 19.1 13.5  
Free Professions 332 2.9 3.0 7.6 12.4 2.6  
Men 279 2.3 2.7 29.1 34.0 12.7  
Released Soldier 239 2.2 2.3 26.4 21.8 11.9  
Registration 201 3.8 2.3 37.5 26.6 9.8  
Disabled People 181 3.5 3.4 18.4 30.2 5.3  
New Immigrants 173 3.3 3.0 32.6 29.0 9.8  

        
        

Service Frequency Service Time Waiting Time   
Type  Avg. STD AVG. STD.   

Reporting 1746 2.1 2.4 27.4 27.8   
Forwarding 239 3.3 2.8 14.9 25.6   
Registration 223 3.8 2.3 35.4 27.2   
Health Committee 85 3.2 2.8 22.0 37.8   
Endorsements 52 3.1 3.2 6.8 11.8   
Course Offering 28 2.9 3.9 16.0 18.4   
Counseling Offering 26 3.8 3.7 7.5 13.7   
Income Completion 6 5.8 4.9 20.6 22.1   
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Government Office - Cont'd 
 
 

  Service Times Histogram: 
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  Waiting Times Histogram: 
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  Note: Average sojourn time is 30.2 mins.  Hence Service Index = 0.086.  Too Low! 
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Phone Calls: Information 
 

 
  
 Call-Duration Frequency - North: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Call-Duration Frequency – Central: 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 Q. How to recognize “Exponential” when you "see" one? 
 

 A. Geometric Approximation. 
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Figure �� Complete pooling of queues only� servers are made �exible but maintain individual
identities�

c�

m�

c� � c�

m�
�

m�

Figure �� Partial pooling�

m� m�
m�

Figure �� Splitting services� Each task returns to the end of the queue�

and � �see Section ��	
� Figure � depicts a split of the service so that a customer� upon

completion of a task� rejoins the queue �see Section ���
� and additional designs are possible

	

Service Design



Bramson ��� chose �rst ���

���
� d � �� thenK large enough for dK�� � ����� and �nally � small

enough so that � � � � �� � d	����K � 
	�� The specialized network is� therefore� stable

��s
k
� �� � � k � K	 and its �complete	 pooling� as in Subsection ���� is advantageous�

We consider now two �related	 poolings� In the �rst� depicted in Figure �� the K servers

are pooled into 
 servers as follows� server � attends to tasks � and K� server 
 serves

m�

mK��

mK��

� m�

mK

c� � cK � �

m� m�

c� � c� � � � �� cK�� � �

mK��

m�

c� � c� � � � �� cK�� � �

Figure �� Bramson�s unstable network obtained by partial pooling�

tasks 
� �� � � � �K � �� server 
 cares for tasks 
� �� � � � �K � 
� Thus� a customer starts with

server �� moves on to 
� then 
� back to 
� and so on� until service K � � at server 
�

then the last service back at � and �nally out� Each server uses the FIFO discipline� under

which Bramson ��� proved that the network is unstable� �See his comment� immediately

following the statement of Theorem ��	 In particular� with probability �� the sojourn time

of customers increases to in�nity� as t � �� Instability arises because the system roughly

alternates between busy periods of server 
� attending mainly to incoming tasks 
 while

starving server �� and busy periods of server �� attending to tasks K while starving server


� The starvation of both servers is a consequence of FIFO� under which ample ��tasks

are forced into queueing behind few d�tasks� �A more re�ned and quantitative intuition is

provided in ����	

��

Carefull: Recall the Appendix in HW2
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Service (Process) Design; Phase-Type Service 

Late Connections 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
?  Where does human-service start / end (recall 144)? 

  “Average” picture. 
 

) 

 Customer
Identified?

Customer’s Query 

Customer 
Identification 

Information Service 

Date of Connection 
According to 

Periodical Updates 

Date of Purchase of 
Cable 

To Marketing 
(Sales) � 

� 

� 

	

�

  Beginning 

� ☺ End 

�
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What is “Service Time”? 
Bank Classification of “Continued – Calls” 
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Average Service Durations Over The Day
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Figure 12: Mean Service Time (Regular) vs. Time-of-day (95% CI) (n =

42613)
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Arrivals: Inhomogeneous Poisson

Figure 1: Arrivals (to queue or service) – “Regular” Calls
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Service Time

 Overall Regular 
service 

New 
customers

Internet Stock

Mean 188 
 

     181 111 381 269 

SD 240 207 154 485 320 

Med 114 117 64 196 169 
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Service Time
Survival curve, by Types

Time
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al

Means (In Seconds)

NW (New) = 111

PS (Regular) = 181

NE (Stocks) = 269

IN (Internet) = 381
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�

Workload

Suppose at time t, the arrival rate is Λ(t) and the mean service
time is ν(t), then the workload at time t is defined as

L(t) = Λ(t)ν(t).

• the expected time units of work arriving per unit of time.

• primitive quantity in building classical queueing models and
setting staffing levels.
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Figure 18: 95% prediction intervals for the load, L, following a day
with V+ = 340.

Units on vertical axis are “required agents”.
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Ambulatory Operations Time 
Production of Health 

 
 
Cystoscopy: 
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TURT / TURP: 
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Curettage: 
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Operations Time In a Hospital 
 
 

Operations Time Histogram: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Operations Time - Morning (by Hour) vs. Afternoon (by Case): 
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Even Doctors Can Manage! 
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Operations Time In a Hospital 
 
 

Operations Time Histogram: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Operations Time - Morning vs. Afternoon: 
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Service Performance 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

   

0

0.5

1

1.5

2

2.5

3

3.5

8:00 9:00 10:00 11:00 12:00 13:00 14:00

M
i
n
u
t
e
s

0

0.5

1

1.5

2

2.5

8:00 9:00 10:00 11:00 12:00 13:00 14:00

M
i
n
u
t
e
s

Service Time – Average: 

0

5

10

15

20

25

30

35

8:00 9:00 10:00 11:00 12:00 13:00 14:00

%
 
A
c
t
i
v
i
t
y
 

Waiting Time – Average: 

% Abandonment: 

Tel-Aviv

Raanana

Jerusalem

Tel-Aviv

Raanana

Jerusalem

Tel-Aviv

Raanana

Jerusalem

40



Tel-Aviv:

Raanana:

Jerusalem:

Utilization Profile in 3 Call Centers Doing the Same Thing
What is “Service Time” ? 
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Figure 6: Histogram of Service Times (in seconds)
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Figure 3: Log-normal QQ Plot of Service Time (Nov + Dec)
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Lognormal Service Time

Figure 2: Histogram of Log(Service Time) (Nov + Dec)
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Beyond Data Averages 
Short Service Times 

 
 
 
 
 

 

AVG:  200 
STD:  249 

     

AVG:  185 
STD:  238 

7.2 % ? 
Jan – Oct: 

     

Log-Normal     AVG:  200 
STD:  249 

Nov – Dec: 
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Service Time

 Overall Regular 
service 

New 
customers

Internet Stock

Mean 188 
 

     181 111 381 269 

SD 240 207 154 485 320 

Med 114 117 64 196 169 
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Service Time
Survival curve, by Types

Time
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Means (In Seconds)

NW (New) = 111

PS (Regular) = 181

NE (Stocks) = 269

IN (Internet) = 381
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A Bank 
Private Banking 

 
Waiting Time (Mins) Service Time (Mins) 

Hour 
Arrivals  

Rate (In Hr)  Avg. STD Avg. STD 
Sample  

Size 
Avg. 

#Tellers 

8.5 - 9 15.7  6.2  5.7  3.9  2.7  110  1.00 
9 - 10 13.4  4.6  5.4  3.5  2.7  188  1.00 
10 - 11 14.3  6.4  6.8  3.4  3.0  200  1.00 
11 - 12 12.7  7.2  7.0  4.4  4.4  165  0.94 

12 -  12.5  9.1  3.6  4.1  5.0  3.9  41 1.00 
Break        
16 - 17 9.5  4.2  4.8  3.5  2.8  63 0.88 
17 - 18 11.4  4.8  5.6  4.2  3.3  76 0.95 

Average 12.3  5.7  6.2  3.9  3.3  843  0.97 
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A Bank 
General Services 

 
Waiting Time (Mins) Service Time (Mins) Hour Arrivals  

Rate (In Hr)  Avg. STD Avg. STD 
Sample  

Size 
Avg. 

#Tellers 

8.5 - 9 85.4  6.9  7.4  3.2  2.7  598  4.5  
9 - 10 66.8  7.8  8.7  3.2  3.0  935  4.5  
10 - 11 58.9  9.0  8.0  3.4  3.3  825  4.6  
11 - 12 56.6  6.5  5.5  3.6  3.4  736  4.2  

12 -  12.5  37.8  4.6  4.0  4.8  5.5  227  4.5  
Break        
16 - 17 68.1  5.4  4.6  2.9  2.3  465  3.7  
17 - 18 63.3  6.0  5.2  3.3  2.7  440  4.2  

Average 62.4  7.1  7.1  3.4  3.2  4,226 4.3  
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A Bank 
Comprehensive Services 

 
Waiting Time (Mins) Service Time (Mins) Hour Arrivals  

Rate (In Hr)  Avg. STD Avg. STD 
Sample  

Size 
Avg. 

#Tellers 

8.5 - 9 20.1  6.4  10.0  9.3  8.8  141  4.1  
9 - 10 14.6  4.1  5.7  7.8  8.3  205  4.0  
10 - 11 16.0  6.6  7.8  9.2  9.2  224  3.9  
11 - 12 16.0  6.2  7.4  8.6  8.7  208  3.7  

12 -  12.5  11.3  4.3  6.6  8.8  7.2  68 3.9  
Break        
16 - 17 19.6  8.6  11.4  9.8  8.8  135  3.1  
17 - 18 16.4  9.4  10.1  8.2  7.2  107  3.6  

Average 16.3  6.3  8.5  8.8  8.5  1,088 3.8  
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A Bank 
Tourists / Business Services 

 
Waiting Time (Mins) Service Time (Mins) Hour 

 
Arrivals 

Rate (In Hr) Avg. STD Avg. STD 
Sample 

Size 
Avg. 

#Tellers  

8.5 -  9 7.7  5.1  6.0  14.0  12.3  74 3.44 
9  - 10 10.5  8.1  10.7 10.8  11.0  184 3.57 
10 - 11 11.4  9.4  12.2 13.2  13.1  201 3.64 
11 - 12 7.5  9.0  13.0 14.3  13.2  140 3.64 

12 - 12.5  6.0  6.7  12.5 9.3  7.5  46 3.62 
Break        
16 - 17 8.2  16.5  12.1 13.9  12.4  61 2.81 
17 - 18 3.7  3.0  2.7  13.3  13.7  29 2.71 

Average 7.9  8.2  11.4 12.7  12.3  735 3.34 
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Eva Ishay: M.Sc. Thesis, 2003. 
 
 

1

Kernel Density Estimator of Service Time

Histogram with h = 10
easy to construct and 
interpret
discontinuous estimator 
choice of bandwidth (h), 
tradeoff – bias versus 
variance

Kernel density estimator with a 
Gaussian kernel of width = 30

continuous and smooth 
estimator

Shape is not exponential !
Density function

proportion of customers 
that departure from the 
service in any time interval
the peaks of high 
frequency of departure 
from the service
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Phase-Type Service Times (Durations).

Service-Time = a sequence/collection of tasks, of an exponential duration.
There are K types of tasks, indexed by k = 1, . . . , K.

mk = expected duration of task k; m = (mk)
qk = % of services in which k is first; q = (qk)
Pjk = % of incidences in which task j is immediately followed by k. P = [Pjk]

1−∑K
`=1 Pk` = probability to end service at k.

j k
m

P

j

jkq
j

Fact: service = finite number of tasks ⇔ ∃[I − P ]−1

Indeed, [I − P ]−1
jk = expected number of “visits to k”, given j was first.

(q[I − P ]−1)k = expected number of “visits to k”).

As will be articulated below, service-time duration is Phase-type (PH).
(Assuming independence among task-durations.)

Definition. Phase-type distribution = absorption time of a finite-space continuous-time
Markov chain, with a single absorbing state.

Formally: X = {Xt, t ≥ 0}Markov on states {1, 2, . . . , K, ∆}, with infinitesimal generator

Q =

1
...
K
∆




R r

0 . . . 0 0




• ∆ absorbing (since q∆∆ = 0)
• r = −R1 (since Q1 = 0)
• 1, . . . K transient ⇔ ∃R−1 (fact)

and initial distribution (of X0) is given by (q1, . . . , qk, 0) = (q, 0).

Recall:
P{Xt = k} =

∑

j

qj[exp(tR)]jk = q[exp(tR)]k

Define: T = inf{t > 0 : Xt = ∆} has phase-type distribution, say FT (·).
Claim: FT (t) = 1− qetR1, t ≥ 0 .

Proof. P (T > t) = P{Xt 6= ∆} =
∑

k q(etR)k = qetR1.

4

72



Parameters:

density fT (t) = qeRtr
Laplace transform

∫∞
0 e−xtFT (dt) = q[xI −R]−1r

nth moment
∫∞
0 tnFT (dt) = (−1)nn! qR−n1

(mean = −qR−11)

Special Cases:

• Exponential (µ) : R = [−µ] and q = 1.

• Erlang: → 1 → 2 → K iid tasks / phases
(
C2(T ) = 1

K

)
.

• Generalized Erlang: exponential phases in series (tandem) (C2 < 1).

• Hyperexponential: K tasks in parallel (mixture) (C2 > 1).

1

2

k

q

q

q
....

1

2

k

• Coxian: K phases; end at phase k with probability pk.

...1 k

1-p 1-p

k-1

p1

k-11

• Minimum of exponential random variables is exponential.

• Max of exponential random variables is phase-type: e.g., Xi ∼ exp(1) iid.
This easily implies that E(max Xi) =

∑
i

1
i
, Var (max Xi) =

∑
i

1
i2

bounded!

• Erlang mixtures:

q

q

q
....

1

2

k

5
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Importance of Phase-type distributions.

• Empirical + wishful thinking: homogeneous human tasks are exponential.

• Richness: the family of phase-type distributions is dense among all distributions on
[0,∞). For every non-negative distribution G, there exists a sequence of phase-type
distributions Fn 3 Fn ⇒ G.
(In particular, we can guarantee convergence of any finite number of moments.)

Dense subfamilies: Coxian, Erlang mixtures.

For Erlang mixtures, this can be explained by the following two facts:

1. The family of discrete distributions is dense.

2. Constants can be approximated by Erlang distributions. Therefore, discrete distri-
butions can be approximated by Erlang mixtures.

• Modelling, via the method of phases. For example, consider M/PH/1 queue (see HW).

M/PH/1: state-space is (i, k) (i = number in queue; k = phase of service) or 0;

e.g., 0
λqk−→ (1, k).

Representation directly in terms of (q, P, m).

Denote here R = [I − P ]−1 (as in Mandelbaum & Reiman).
Average work content E(T ) = qRm (=

∑
j qjRjkmk).

Moments: E(T n) = n! q(RM)nq , where M =




m1 0
. . .

0 mK




E(T 2)

2(E(T ))2
=

1 + C2(T )

2
=

q(RM)21

(qRM1)2

6
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