
Service Engineering

Class 8

Customers’ (Im)Patience & Abandonment; Hazard Rates

• 14-Years Modeling Gallery.

• Customers’ (Im)Patience: Introduction.

• Understanding (Im)Patience:
Observing, Describing, Managing, Estimating, Modeling.

• Examples.

• Abandonment and (Im)Patience: Theoretical and Practical Signifi-
cance.

• Modeling (Im)Patience: Patience-Time and Offered-Wait (or
Time-Willing and Time-Required to Wait).

• Patience Distribution: Survival Function and Hazard Rate.

• Palm’s Law of Irritation.

• Paying an Old Debt: Longest Service Times at Peak Congestion.

• Estimating Exponential Patience.

• A Patience Index.

• Probability to Abandon and Average Wait, or the
“Law: P{Ab} = θ · E[Wq],” and relatives.

• Estimating General (Im)Patience (Kaplan-Meier).

• Some Human (Psychological) Aspects of (Im)Patience.

• Adaptivity and Learning.

• Next: Queues – Integrating the Building Blocks.
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Call Centers = Q’s w/ Impatient Customers
14 Years History, or “A Modelling Gallery”

1. Kella, Meilijson: Practice ⇒ Abandonment important

2. Shimkin, Zohar: No data ⇒ Rational patience in Equilibrium

3. Carmon, Zakay: Cost of waiting ⇒ Psychological models

4. Garnett, Reiman; Zeltyn: Palm/Erlang-A to replace Erlang-

C/B as the standard Steady-state model

5. Massey, Reiman, Rider, Stolyar: Predictable variability ⇒
Fluid models, Diffusion refinements

6. Ritov; Sakov, Zeltyn: Finally Data ⇒ Empirical models

7. Brown, Gans, Haipeng, Zhao: Statistics ⇒ Queueing Science

8. Atar, Reiman, Shaikhet: Skills-based routing⇒ Control mod-

els

9. Nakibly, Meilijson, Pollatchek: Prediction of waiting ⇒
Online Models and Real-Time Simulation

10. Garnett: Practice ⇒ 4CallCenters.com

11. Zeltyn: Queueing Science ⇒ Empirically-Based Theory

12. Borst, Reiman; Zeltyn: Dimensioning M/M/N+G

13. Kaspi, Ramanan: Measure-Valued models and approximations

14. Jennings; Feldman, Massey, Whitt: Time-stable performance

(ISA)
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Understanding (Im)Patience

• Observing (Im)Patiecne – Heterogeneity:

Under a single roof, the fraction abandoning varies

from 6% to 40%, depending on the type of service/customer.

• Describing (Im)Patience Dynamically:

Irritation proportional to Hazard Rate (Palm’s Law).

• Managing (Im)Patience:

– VIP vs. Regulars: who is more “Patient”?

– What are we actually measuring?

– (Im)Patience Index:

“How long Expect to wait” relative to

“How long Willing to wait”.

• Estimating (Im)Patience: Censored Sampling.

• Modeling (Im)Patience:

– The “Wait” Cycle:

Expecting, Willing, Required, Actual, Perceived, etc.

The case of the Experienced & Rational customer.

– (Nash) Equilibrium Models.
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Example: “A Catastrophic situation”

Marketing Campaign at a Call Center

Average wait 72 sec, 81% calls answered (Saturday)

5

Average wait 217 sec, 53% calls answered (Thursday)

6

Avg. wait 376 sec, Max wait 1214 sec, 24% calls answered (Sunday)

Note: Systems’s capacity about 100 customers per hour.

7
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Example: QED Operation (at most times)

ACD Report: Health Insurance (Charlotte)

Time Calls Answered Abandoned% ASA AHT Occ% # of agents

Total 20,577 19,860 3.5% 30 307 95.1%

8:00 332 308 7.2% 27 302 87.1% 59.3

8:30 653 615 5.8% 58 293 96.1% 104.1

9:00 866 796 8.1% 63 308 97.1% 140.4

9:30 1,152 1,138 1.2% 28 303 90.8% 211.1

10:00 1,330 1,286 3.3% 22 307 98.4% 223.1

10:30 1,364 1,338 1.9% 33 296 99.0% 222.5

11:00 1,380 1,280 7.2% 34 306 98.2% 222.0

11:30 1,272 1,247 2.0% 44 298 94.6% 218.0

12:00 1,179 1,177 0.2% 1 306 91.6% 218.3

12:30 1,174 1,160 1.2% 10 302 95.5% 203.8

13:00 1,018 999 1.9% 9 314 95.4% 182.9

13:30 1,061 961 9.4% 67 306 100.0% 163.4

14:00 1,173 1,082 7.8% 78 313 99.5% 188.9

14:30 1,212 1,179 2.7% 23 304 96.6% 206.1

15:00 1,137 1,122 1.3% 15 320 96.9% 205.8

15:30 1,169 1,137 2.7% 17 311 97.1% 202.2

16:00 1,107 1,059 4.3% 46 315 99.2% 187.1

16:30 914 892 2.4% 22 307 95.2% 160.0

17:00 615 615 0.0% 2 328 83.0% 135.0

17:30 420 420 0.0% 0 328 73.8% 103.5

18:00 49 49 0.0% 14 180 84.2% 5.8
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Erlang-A vs. Erlang-C

48 calls per min, 1 min average service time,

2 min average patience

probability of wait average wait

vs. number of agents vs. number of agents
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If 50 agents:

M/M/n M/M/n+M M/M/n, λ ↓ 3.1%

Fraction abandoning – 3.1% -

Average waiting time 20.8 sec 3.7 sec 8.8 sec

Waiting time’s 90-th percentile 58.1 sec 12.5 sec 28.2 sec

Average queue length 17 3 7

Agents’ utilization 96% 93% 93%

6

"The Fittest Survive" and Wait Less - Much Less!
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Practical Significance
Abandonment and (Im)Patience

• One of two customer-subjective performance measures

(2nd=Redials).

• Lost business (present losses).

• Poor service level (future losses).

• 1-800 costs (present gains: out-of-pocket vs. alternative).

• Self-selection: the “fittest survive” and wait less (possibly

much less).

• Must account for (carefully) in models and performance mea-

sures. Otherwise, distorted picture of reality, hence misleading

goals and staffing levels:

– Over-Staffing (Efficiency): If one uses models that are

(im)patience-ignorant in order to determine staffing levels.

– Under-Staffing (Quality): If one uses performance mea-

sures (eg. average delay) of only those who got served,

ignoring those who abandoned. (The latter, in turn, could

also lead to unacceptable protocols.)

• Robust models, numerically but, even more importantly, with

respect to deviations in underlying model-assumptions (eg.

service-time distribution).
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Theoretical Significance
Abandonment and (Im)Patience

• Queueing Theory: Extend classical queueing models to

accommodate call center features, notably Abandonment (and

Redials).

• Queueing Science: The classical scientific paradigm of

Measure, Model, Experiment, Validate, Refine, etc.

• Multi-Disciplinary Research, fusing

Operations Research + Psychology + Marketing, through

Models: Empirical, Mathematical (Software: 4CC), Simula-

tion, in

steady-state (Erlang-A), transience (Fluid), (Nash) equilib-

rium.

• Applications beyond Call Centers:

– VRU/IVR: Opt Out Rate (OOR) to a live agent;

– Internet: 60% and more abandon in mid-trasaction;

– Multi-Media Contact Centers: eg. Chatting (completely

open);

– Hospitals: Left Without Being Seen (LWBS); in Emer-

gency Departments (ED) can reach 5-10% (and then?).

– Other services: Abandoning a bus station to take a

taxi, ... , more?
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(Im)Patience in Models:
(Im)Patience-Time & Offered-Wait

agents

arrivals

abandonment

(lost calls)

1

2

n

…

queue

• (Im)Patience Time τ (random variable/distribuion):

Time a customer is willing to wait for service.

• Offered Wait V :

Time a customer must wait for service;

equivalently, waiting time of a customer with infinite patience.

• Actual wait W = min{τ, V }.

• If τ < V , customer abandons (after waiting τ );

otherwise (τ ≥ V ), gets service (after waiting V );
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Predicting Performance with Models

Model Primitives:

• Arrivals to service (stochastic process, eg. Poisson)

• (Im)Patience while waiting τ (r.v. ≡ distribution)

• Service times (r.v., eg. Exponential, LogNormal)

• # Servers / Agents (parameter, sometimes r.v.)

Model Output: Offered-Wait V (r.v.)

Operational Performance Measure calculable in terms of

(τ, V ):

• eg. Average Wait = E[min{τ, V }]

• eg. % Abandonment = P{τ < V }

• eg. Average Wait of Served (ASA) = E[V |τ > V ]

Application: Staffing – How Many Agents?

(vs. When? Who?)
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Designing a Call Center with Impatient
Customers

O. Garnett∗ A. Mandelbaum∗† M. Reiman ‡

March 26, 2002

ABSTRACT. The most common model to support workforce management of telephone call
centers is the M/M/N/B model, in particular its special cases M/M/N (Erlang C, which models
out busy-signals) and M/M/N/N (Erlang B, disallowing waiting). All of these models lack a
central prevalent feature, namely that impatient customers might decide to leave (abandon)
before their service begins.

In this paper we analyze the simplest abandonment model, in which customers’ patience is
exponentially distributed and the system’s waiting capacity is unlimited (M/M/N + M). Such
a model is both rich and analyzable enough to provide information that is practically important
for call center managers. We first outline a method for exact analysis of the M/M/N +M model,
that while numerically tractable is not very insightful. We then proceed with an asymptotic
analysis of the M/M/N + M model, in a regime that is appropriate for large call centers
(many agents, high efficiency, high service level). Guided by the asymptotic behavior, we derive
approximations for performance measures and propose “rules of thumb” for the design of large
call centers. We thus add support to the growing acknowledgment that insights from diffusion
approximations are directly applicable to management practice.

∗Davidson Faculty of Industrial Engineering and Management, Technion, Haifa 32000, ISRAEL.
†Research supported by the fund for the promotion of research at the Technion, by the Technion

V.P.R. funds - Smoler Research Fund, and B. and G. Greenberg Research Fund (Ottawa), and by the
Israel Science Foundation (grant no. 388/99).

‡Bell Laboratories, Murray Hill, NJ 07974, USA.

• The Mathematical Model (Palm, Erlang-A)

• Base for software implementation (4CallCenters)

• In website

• Published in MSOM, 2003
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·	 The Mathematical Model (Palm, Erlang-A), based on an Empirical Model
·	 Base for software implementation (4CallCenters), and Simulation




Downloads:

1. 4CallCenters v2.01(zip file- 5.4mb)

Desktop application offering personal profiling and optimization tools.

For installation: Download the zip file, open it, activate setup.exe and follow the instructions.

To uninstall the installed software: Go to Start/Programs/4CallCenters v2.01/Uninstall 4CallCenters v2.01

         2.    4CallCenters v2.01 - Help Document (90kb)

                Word document containing the 4CallCenters application's help pages.

4CallCentersTM

Personal Optimization Tools for Call Centers

Page 1 of 1New Page 3

Performance
Profiler

Performance Profiler Tool allows you to determine and optimize the Performance Level of your 

Call Center

AbandonsFeatures:

Basic Interval:

Target Time:

60 minutes

00:00 (mm:ss)

Number of Agents Answering Calls

Average Time to Handle One Call (mm:ss)

Calls per 60 minute Interval

Average Callers' Patience (mm:ss)

Settings

Parameters

Indicators



%Abandon vs. Calls per Interval for various Number of Agents
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      Fitting a Simple Model to  
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Measuring Patience: Censored Data

Israeli Bank Data

Statistics Average wait Interpretation

360K served (80%) 2 min ? must wait

90K abandoned (20%) 1 min ? willing to wait

Interpretation is wrong!

Both waiting times are censored:

• If customer abandoned, patience is known: τ = W .

• If customer served, only a lower-bound known: τ > W .

To estimate the distribution of τ and V , must “un-censor”:

How? Later, via techniques from Statistical Survival Analysis.

Censoring prevalent:

• Recall “length of stay of elderly people in institutional long-

term care”, when we studied phase-type service times;

• Medical Trials (Source of Terminology): duration between suc-

cessive recurrences of a disease,...

• Insurance: durations between accidents,...

• Social Sciences: duration of marriage, time to find a job,...

• Marketing: duration between successive purchases of a prod-

uct, ...
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Survival Function & Stochastic Order

Survival Function: S(t) = P{X > t} = 1− F (t).

Stochastic Order:

X
st
≤ Y ⇔ P{X > t} ≤ P{Y > t} ⇔ SX(t) ≤ SY (t)

for all t.

Small Israeli Bank: Service Durations

31

Service Time
Survival curve, by Types

Time

Su
rv

iv
al

Means (In Seconds)

NW (New) = 111

PS (Regular) = 181

NE (Stocks) = 269

IN (Internet) = 381

34

Claim: X
st
≤ Y ⇒ E[X ] ≤ E[Y ].

Fact: Shorter (
st
≤) service times ⇒

less abandonment and shorter waits.
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(Im)Patience:
Examples of Survival Functions

Small Israeli Bank: (Im)Patience Times

Figure 15: Survival curves (Nov.–Dec.)
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Figure 16: Survival curves for time willing to wait (Nov.–Dec.)
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anomalies. In spite of the fact that one expects the true distributions to be skewed to the right, the
estimated distributions are severely truncated. This is especially true for types PS and NE because
they are more heavily censored. See Figure 16. A result of this is that the estimated means for PS
and NE calls are much smaller than the estimated medians, while the opposite relation holds for

26

Fact: Shorter (
st
≤) patience times ⇒

more abandonment and shorter waits.
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Modelling (Im)Patience: Hazard Rates

For X ≥ 0, an absolutely-continuous r.v., define its

Hazard Rate function to be h ∆= f/S , namely

h(t) ∆=
f (t)

1− F (t)
, t ≥ 0;

f = Density function of X ,

S = Survival function of X (S = 1− F ),

F = Distribution function of X .

Intuition: P{X ≤ t + ∆|X > t} ≈ h(t)×∆.

In Discrete-Time: h(t) = P{X = t|X ≥ t}, t = 0, 1, . . .

Characterizes the distribution:

• Continuous time: S(t) = e−
∫ t
0 h(u)du, t ≥ 0.

• Discrete time: S(t) ∆= P{X > t} = Πt
i=0[1−h(i)], t = 0, 1, ...

• Constant Hazard iff Memoryless (Exponential / Geometric)

Estimation: Natural in discrete-time.

In continuous-time, via discrete approximation:

1. Partition time into 0 = t0 < t1 < t2 < . . . (dense “enough”);

2. Estimate ĥ(ti) = # “Events” during [ti,ti+1)

# “At-Risk” at ti
, i = 0, 1, . . .;

3. Interpolate ĥ(0), ĥ(t1), ĥ(t2) . . ..

Ordering: Hazard-rate order (
hr
≥) implies Stochastic order (

st
≤).
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Hazard Rate:
Natural Dynamic Model of (Im)Patience

• Palm’s Axiom (1940’s): Hazard Rate(t) ∝ Irritation(t);

Estimated (Im)Patience based on a sample of unlucky cus-

tomers who called a broken communication-switch and got

stuck, till abandoning (hence no censoring).

• Constant hazard rate (Exponential (im)patience): benchmark;

• Increasing hazard rate (IFR): Impatience ↑ while waiting;

• Decreasing hazard rate (DFR): Patience ↑ while waiting;

• Other shapes: Bathtab (decreasing, then increasing), or vice

versa: both occur for (im)patience.

• More precise tail-description (vs. cdf, density).

17

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight

Administrator
Highlight



Palm’s Law of Irritation (1943-53):
∝ Hazard-Rate of (Im)Patience Distribution

Small Israeli Bank (1999):

Regular vs. Priority (VIP) Customers

 
14

  
   

35

Observations:

• Who is more patient – Regular or VIP ? (stochastically);

• Why the two peaks of abandonment (at outset, 60 seconds)?

– Possibly three phases of (im)patience;

– Possibly three types of customers;

– Actually human psychology.

18
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Old Debt: Longest Services at Peak Times ?

�

�

�

�

Figure 12: Mean Service Time (Regular) vs. Time-of-day (95% CI) (n =

42613)
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Peak Loads at 10:00 and 15:00

�

�

�

�

Arrivals: Inhomogeneous Poisson

Figure 1: Arrivals (to queue or service) – “Regular” Calls
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(Im)Patience (Raw) 
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ILBank Wait time (all), Private
24.11.2008: No Served Calls! 
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Distribution Fitting 
 

 

ILBank Wait time (all), Private
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ILBank Wait time (all), Private
24.11.2008 : No Served Calls!
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Survival Functions of (Im)Patience 
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Survival curves for time willing to wait
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Patience vs. Service Durations (Stochastic Order)  
 

AnonymousBank Total for November1999 December1999,Week days
Time willing to wait (< 30 min)
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Empirical Hazard Rates 
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Summary of the Number of Censored and Uncensored Values 

Failure Time: Unhandled Wait Time; Censored Time: Handled Wait Time 

Class Number of Cases Failed 
(Abandoned) 

Censored 
(Served) Percent Censored 

Total PS 164817 33006 131811 79.97 
priority_1 PS 57007 15206 41801 73.33 
priority_2 PS 104762 16042 88720 84.69 
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Hazard Rate Function (PS) 
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Hazard Rate Function (NW, NE) 
 

Summary of the Number of Censored and Uncensored Values 

Failure Time: Unhandled Wait Time; Censored Time: Handled Wait Time 
group Number of cases Failed Censored Percent Censored 
NW  14709 6886 7823 53.19 
NE  19483 2397 17086 87.70 
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Hazard Rate Function (Case Quality, Online Banking) 
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Psychology + Protocols 
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Estimating Average Patience: Warmup

Model: (Im)Patience τ equals

• 2 minutes, with probability p;

• 10 minutes, with probability 1− p.

What is E[τ ] ? (equivalently p ?)

Data: na abandoned after 2 minutes.

ns got served (censored) after 3,4,...,9.

- Naive estimator: Average Patience = 2 minutes, which

ignores those with the longer patience (who hence got served).

- Common-sense estimator: p̂ = ns
na+ns

⇒ E[τ ] = 2p̂ + 10(1− p̂) = 2 na
na+ns

+ 10 ns
na+ns

= 2 + 8 ns
na+ns

.

Note:

E[τ ] → 10, as na/ns → 0;

E[τ ] → 2, as na/ns →∞.

General Data: Data could conceivably consist of the times

{0, 1, 2, . . . , 9, 10}. Then, the 10’s are easy to accommodate, and

the {0, 1}’s are simply ignored (as it turns out - see the Kaplan-

Meier estimator later, if interested) .
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Estimating Average Patience: Practice

(Im)Patience τ is exp(θ).

Assume customers’ (im)patience times to be i.i.d.

Estimate E[τ ] (equivalently θ)?

Data: W a
1 , W a

2 , . . . ,W a
na

: na times to abandon;

W s
1 , W s

2 , . . . ,W s
ns

: ns times till served (censored).

Geometric Approximation (Intuition):

(Im)Patience Times: Geom(p) (seconds).

(Estimate 1/p and deduce an estimator for 1/θ.)

Every second flip a coin:

wp p Abandon (Success),

wp (1− p) Wait one more second (Failure).

# Coin Flips (in total):

= W a
1 + . . . + W a

na
+ W s

1 + . . . + W s
ns

∆
== Wtotal

= Total Waiting Time (Served + Abandoned).

# Successes = # Abandon = na.

⇒ p̂ = na
Wtotal

= # Abandon
Total Waiting Time ,

⇒ Estimator of Average Patience = 1̂/p =
Total Waiting Time

# Abandon
.
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Estimating Exponential Patience:
Maximum Likelihood Estimator (MLE)

Patience Times: exp(θ) i.i.d.

Likelihood:

L(θ) =

 na∏
i=1

θ exp {−θW a
i }

 ·
 ns∏

i=1
exp {−θW s

i }
 .

Log-likelihood:

l(θ) = log(L(θ))

= na log θ − θ · (W a
1 + . . . + W a

na
+ W s

1 + . . . + W s
ns

)

= na log θ − θ ·Wtotal .

MLE θ̂ attains the maximum in l(θ):

l
′
(θ) = na/θ −Wtotal = 0 ,

θ̂ = na/Wtotal ,

1̂/θ = Wtotal/na .

Note: θ̂ =
̂

P{Ab}̂
E[W ]

.
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Estimating Patience: Small Israeli Bank

Statistics Average wait Interpretation

360K served (80%) 2 min ? Required to Wait

90K abandoned (20%) 1 min ? Willing to Wait

Both waiting times are censored.

If customer abandoned, patience is known: τ = W .

If customer served, a lower bound is known: τ > W .

Total Wait = 90K × 1 min + 360K × 2 min.

Willing to Wait =
90K × 1 + 360K × 2

90K
= 1 + 4× 2 = 9 min!

Required to Wait =
90K × 1 + 360K × 2

360K
= 2.25 min.

Note:

Willing-to-Wait / Required-to-Wait =

9 / 2.25 = 360K / 90K = 4 =

% Served / % Abandoned
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Survival Functions:
Patience vs. Offered Wait

Small Israeli Bank
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31

E[W] = 98 sec, Med[W] = 62 sec;

E[τ ] = 803 sec, Med[τ ] = 457 sec; (R in Figure is τ )

E[V] = 142 sec, Med[V] = 96.

Are these customers “Patient”?

What if “E[V] = 1,600 sec” (twice E[τ ]) ?
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A Patience Index

How to quantify (im)patience?

Theoretical Patience Index ∆=
Willing to Wait

Expected to Wait
=

E[τ ]

E[V ]
,

where the last equality (Expected-to-Wait = Required-to-Wait) is

plausible for Experienced Customers.

We get a calculable quantity, but it still requires “un-censoring”.

To this end, “pretend” that both τ and V are exponential. Then,

the MLE of the “Theoretical Patience Index” is:

Empirical Patience Index ∆=
% served

% abandoned
,

which is easily calculable from ACD data.

Patience index – Theoretical vs. Empirical
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Patience Index: Willing to wait 10 min ( patient ? / impatient ?)

Theoretical index =
Time willing to wait

Time required to wait

=
Time willing to wait

Time expect to wait
(if experienced)

Index large ⇒ patient population

small ⇒ impatient

=
E(R)

E(V )
. ”Pretend” exp

=
Time in test /# abandon

Time in test /# served
censored.

Empirical index =
# served

# abandon
=

% served

% abandon

=
% served / wait > 0

% abandon / wait > 0
(easy to measure)

Summary:

Mean Patience =

Mean Wait

of Abandoning

customers

+

Mean Wait

of Served

customers

× Patience

Index
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Law: P{Ab} ∝ E[Wq] (Often Enough)

Here we prove for Exponential (Im)Patience.

Can be justified theoretically, and validated empirically, much

more generally.

Claim. Assume a queueing model with exp(θ) (im)patience.

Then,

P{Ab} = θ · E[Wq] .

Proof. Flow-conservation for abandoning customers, namely

arrival-rate into queue = departure-rate out of queue,, implies:

λ · P{Ab} = θ · E[Lq] . (1)

By Little’s formula:

E[Lq] = λ · E[Wq] . (2)

Finally, substitute (2) into (1) and cancel λ.
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P{Ab} ∝ E[Wq]: Empirical Validation

Small Israeli Bank: Yearly Data (4158 hours)

Hourly Data (4158 points) Aggregated
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Estimating Average-(Im)Patience via Regression:

1/θ ≈ 250
0.56 ≈ 446 sec.

Large U.S. Bank

Retail Telesales
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Note: in Retail – many abandon during first seconds of wait.
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Queueing Science: Human Behavior

 13

                     Human Behavior 
      

Delayed Abandons (IVR)           Balking (New Customers) 

 

 

Learning  (Internet Customers) 
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Human Behavior: Mathematical Models

Linear patterns with non-zero intercepts

Israeli Bank: New Customers U.S. Bank: VRU part of Wait

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Average waiting time, sec

P
ro

b
ab

ili
ty

 t
o

 a
b

an
d

o
n

0 50 100 150 200 250
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

Average wait (VRU + queue), sec

P
ro

b
ab

ili
ty

 t
o

 a
b

an
d

o
n

Left-hand plot ≈ exp patience with Balking:

0 with probability p, exp(θ) with probability (1− p).

Right-hand plot ≈ Delayed Abandonment:

c + exp(θ), c > 0.

Formalizing Learning:

Experienced customers use actual offered-load in order to opti-

mize individual profits, which characterizes (unique) Nash-Equilibrium.
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Estimating General Patience:
The Kaplan-Meier Estimator

Assume patience and waiting times discreet (seconds).

Hazard rate:

h(k) = P{τ = k}/P{τ ≥ k} , k = 0, 1, 2 . . .

Survival Function:

S(k) = S(k − 1) · (1− h(k)) , k = 0, 1 . . . (S(−1) = 1)

Ak = number of abandonment exactly at k seconds,

ηk = number of customers that are neither served nor abandoned

before k seconds (number-at-risk at time k).

Estimator of Hazard Rate: ̂h(k) = Ak/ηk.

Estimator of Survival Function (Kaplan-Meier):
̂S(k) =

k∏
i=0

(1− ĥ(i)).
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Estimating (Im)Patience Distribution: Real
Data

Empirical Hazard Rates of (Im)Patience Times

U.S. Bank Israeli Bank
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Israeli Bank: Survival Functions of Service Types

Figure 15: Survival curves (Nov.–Dec.)
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Figure 16: Survival curves for time willing to wait (Nov.–Dec.)
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anomalies. In spite of the fact that one expects the true distributions to be skewed to the right, the
estimated distributions are severely truncated. This is especially true for types PS and NE because
they are more heavily censored. See Figure 16. A result of this is that the estimated means for PS
and NE calls are much smaller than the estimated medians, while the opposite relation holds for

26

IN – Internet Tech. Support; NE – Stock Transactions;

NW – New Customers; PS – Regular.

36



The “Phases of Waiting” for Service

TIME IS

Time is Too Slow for those who Wait,

Too Swift for those who Fear,

Too Long for those who Grieve,

Too Short for those who Rejoice;

But for those who Love, Time is not.

(Henry Van Dyke 1852 - 1933)

Common Experience:

• Expected to wait 5 minutes, Required to 10

• Felt like 20, Actually waited 10 (hence Willing ≥ 10)

An attempt at “Modeling the Experience”:

1. Time that a customer expects to wait

2. willing to wait ((Im)Patience: τ )

3. required to wait (Offered Wait:V )

4. actually waits (Wq = min(τ, V ))

5. perceives waiting.

Experienced customers ⇒ Expected = Required

“Rational” customers ⇒ Perceived = Actual.

Thus left with (τ, V ).
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Perceived vs. Actual Waiting: an Example

200 Abandonment in Direct Banking

(Students’ Project)

Customer-Focused Queueing Theory

– 200 abandonment in Direct-Banking

– Not scientific

Reason to Abandon Actual Abandon Perceived Abandon Perception
Time (sec) Time (sec) Ratio

Fed up waiting 70 164 2.34
(77%)

Not urgent 81 128 1.6
(10%)

Forced to 31 35 1.1
(4%)

Something came up 56 53 0.95
(6%)

Expected call-back 13 25 1.9
(3%)

⇒ Rational Abandonment from Invisible Queues (with

Shimkin).

21

38

Administrator
Highlight



Customers’ (Im)Patience in Call Centers:
Summary

• (Im)Patience time are, in general, non-exponential;

• Most tele-customers are very (surprisingly) patient;

• Hazard and survival estimators are very informative concern-

ing qualitative patterns of (im)patience

(abandonment peaks, comparisons, . . . );

• Kaplan-Meier can be problematic for estimation of quantita-

tive characteristics (eg. mean, variance, median).

Ê[τ ] =
∫∞
0

̂S(x)dx, where S(x) - survival function of patience.

However,
̂S(x) is not reliable for large x.

Practical Question: Can we apply models with exponential

(im)patience as a useful approximation?

Practical Answer: A definite ”YES”, even in the sense of

”Must Apply”. In other words, a model that wrongly assumes

exponential (im)patience is far better than a model that ignores

(im)patience (which, surprisingly, is prevalent in practice).
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Estimate Mean Patience that is exp(θ).

1. Via PAb = θEWq

1̂/θ =
EWq

PAb
=

“ total waiting time ” / N

#abandon/N

=
“ total time in test ”

# uncensored (observed)
.

Use the above to estimate mean patience , E(R).

2. Note: We get this way the MLE (maximum likelihood estimation) of
a censored exponential mean.

3. Via Regression of PAb’s over EWq ’s.

4. Via ”Geometric Intuition”.

Suppose measurements are as follows :

• m abandoned, with time-to-abandon W a
1 , W a

2 , ...,W a
m

• n served, with time-to-service W s
1 , W s

2 , ...,W s
n seconds

Approximate exponential patience with Geometric Patience :
Every second flip a coin, with

probability p for success = abandon,

probability 1− p for failure = stay one more second.

Q. What is 1/p = mean patience.

A. Total # of coin flips

= W a
1 + W a

2 + ... + W a
m + W s

1 + W s
2 + ... + W s

n

= Total Waiting Time (served + abandoned).

# successes = # abandonment = m.

⇒ p̂ =
# abandon

Total Waiting Time
⇒ ˆ1/p =

Total Waiting Time

# abandon
.
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Exponential Delays:

Small Call Center of an Israeli Bank (1999)

Table 3: Waiting time, truncated at 15 minutes (A – Abandoned; S – Served)

Overall PS NE NW IN

A S A S A S A S A S

Mean 98 78 105 62 96 99 114 88 136 140 159

SD 105 90 108 69 98 113 112 94 131 148 159

Med 62 51 67 43 62 55 78 58 92 86 103

exponential distribution, and the figure’s right panel compares the waiting times to exponential
quantiles, using a Q-Q plot. (The p-value for the Kolmogorov-Smirnov test for exponentiality is 0
however. This is not surprising in view of the large sample size of about 48,000.)

Figure 14: Distribution of waiting time (1999)
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In fact, when restricted to customers reaching an agent, the histogram of waiting time resembles
even more strongly an exponential distribution. Similarly, each of the means in Table 3 is close to
the corresponding standard deviation, both for all calls and for those that reach an agent. This
suggests (and was verified by QQ-plots) an exponential distribution also for each stratum, where
a similar explanation holds: calls of type PS are about 70% of the calls. We also observe this
exponentiality when looking at the waiting time stratified by months (Table 4).

6.2 Survival curves for virtual waiting time and patience

Both times to abandonment and times to service are censored data, and we apply survival anal-
ysis to help us estimate them. Denote by R the “patience” or “time willing to wait”, by V the
“virtual waiting time”, and equip both with steady-state distributions. One actually samples

24

Delays:
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