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Sum of two exponential random variables.

Assume that X ~ exp(\;), Y ~ exp(A2), X and Y are independent and A; # Ag. Then
straightforward calculations provide us with the following cumulative distribution function

of X +V:

Ny — N N

—dox

F(z) = 1-

Sum of three exponential random variables.

Assume that X ~ exp(\), Y ~ exp(Ag), Z ~ exp(A3), X, Y and Z are independent and
A1 # Ay #Z A3, Then the cumulative distribution function of X +Y + Z is given by:
—Aox
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F(z) = 1—(

M/M/1: Sojourn Time

Sojourn time is exponentially distributed:

pl—p)  p L—p

Proof: By PASTA and the memorvless-properly of Exponentials,

N
WL sX, Xi~exp(p) iid,
i=1

N2rp414 Geom(1 — p) (from 1);
N and {X;} are all independent.

Conclude by recalling: Geometric sum of iid Exponentials is
Exponentially distributed. (The parameter is calculated via Wald. )

Aside: The latter property is essentially Poisson-Splitting. A self-
contained proof can be give via Moment generating functions:

ow(t) & Elexp{tW}] = E

N
exp{t - > Xi}
i=1

: ¥
= E|E [exp{t- X X} N}
_ i=1

(X independent with E [exp{tX;}] = )

p—t
. [ M N S v k=1 H k
- E_(m) ] = (m)
:;f(_l—p)_f(w );": pi(1 —p)
w—t p=o\p—t wll—p)—t
= Qexp(u(1-p))(t) -



M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W,>0} & By= Xm=— LI

i>n n'' 1—p

Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{Ly=i} = Epn-(1—p)p', >0,
or

L. =

q

{ 0 wp 1— Eap

GE‘-DITLEQ(:-J_ — pj wp EQ:??.

Waiting time distribution:
W, 0 wp 1 — FEoy

Up

. 1 1 - :
Erp (mean =" l_—p) wp Fo,

Compare with M/M/1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M /1.
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n,p) plk) = Amvﬁraalr 0<p=1—g<lin>1 k=0,1,...,n [p-e* +ql™ np npg
k_ay k
Multi- o 2 = i 7.t 0 < pi; i=1inz1 X E(X:) =np; cov(X;, Xj)=—n i
_ X ~ Mult{n, p) #(=) el | B2 <pid e = 0<ziy  mi=n (Xi) = npi VX ..; TR X; ~ Bin(n, p;)
nomial T = (ZT1,...,%k) p=(P1yosPu) i=1,...,k (i # 1)
Negative ) ot ™ Number of trials
€ X ~ NB(m,p) Eilﬁ,uiva_arue 0<p=1—qg<1l;m>1 k=mm+1,... TF&._ z mg
Binomial - P till m-th success
Geometric X ~ Gip) plk)=¢* 1. p 0<p=<1 k=1,2 pee! i 4 X ~ NB(l,p)
> et p ) = <p= :=1,2,... T - oa p iy
—A Lk
Poisson X ~P(A) plk) = &A= A0 k=0,1,... exp{—A(1 —e')} A A
ﬁ;vﬁ M v N — special elements
Hyper- k) ln—k N, M = 0; max(0,n — M) < k inarv :
yYp X ~ HG(N, M, n) plk) = ALk H ( 1< M n__.,mﬁﬁ_f M o..n_dsn:.uu ones
geometric _ .”,_. - 1<n< N+ M k < min(n, N) n — sample size
k — special in sample
Density Function
fit) = . o ag .
Beta X ~ Beta(a, 3) Las) (o 1 gy a,3 >0 0<t<1 Complicated ] auﬂ_a a = =1 — Uniform
Tlai5)
Tiaz)= [T u® le "da
Gamma X ~ Gamma(a, A) fit) = N?lnﬂh|:_”_nh a A >0 t>0 (1— %)= * wnm () __ﬁc
=(x— 1)z —1)
Erla X ~ Erla A £) = ATt e M 1,2,...3A >0 £>0 (1-%)" n n X ~ Gamma(n, A
rlang p rlang(n, A) fit) = e n=1,2,...; g = -5 by e J sammain, A)
Expo- . At £y 1 1
X ~ Exp(A) F(t) = Ae A0 t>0 (1-%) i 4 X ~ Gamma(l, A)
nential A
Normal X ~ N(p, o) —oo < p<og >0 —oc <t <o mﬁ._ﬁmﬁu“wwma.wuw I o2

s
e o ﬁkﬁuuﬁw
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