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Figure 5.12 The expected number of employees serving declines as the maximum
queue size per server increases. For R > 1, the limit is R, For R = 1, the limit is one.
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(M|M|1 71) 1 manna mnw ot = X
X ~ exp(mean = _ 1 = lj =exp(8)
ull-p) 8
(M|M|6 77) 3 MnnY Mna mnnn oy = Y

0 wp. l-FE,

Y= 1 1
exp| mean =—- =exp(24) w.p. E,
nu 1-p;

(3 MNN2 PNV P3) NMYwN Y = Z
Z~ eXp(mean =5 minutes) =exp(l2)

(1 MNN2 NMNHYON DINA T INND NDIDNI NN NI )T FINNY NN PN YD N 1991 NI 2 NINNT MDININ)

P(X+12+Y+Z>40)=P(X +Y+Z>28) =
=P( X+Z >28)*P(Y=0)+P( X+Y+Z >28|Y>0)*P(Y>0)
[S——) —_—

sumof two exponential sumof three exponential
random variables random variables,

first scenario

=0.064*0.982+0.093+0.018 =0.065




IRt B0 00:00 Range 10:00 12
Multi-value ¥
Basic Target Average HAnswer
Interval  Timeto VUMBErOT | onding  CAIEREr T inin
(minutesy  Answer LRI Tirme [nie2 Target
Results
1 G0.0 o0:oo.0 3.0 10:00.0 12.0 a5.6%
2 G0.0 o0:oo.0 40 10:00.0 12.0 a2 6%
3 G0.0 o0:oo.0 5.0 10:00.0 12.0 94 0%
4 G0.0 oo:oo.0 6.0 10:00.0 12.0 H98.2%
& G0.0 oo:oo.0 7.0 10:00.0 12.0 99 5%
G G0.0 o0:oo.0 8.0 10:00.0 12.0 99 9%
7 G0.0 Q0:00.0 9.0 10:00.0 12.0 100%
a G0.0 o0:oo.0 10.0 10:00.0 12.0 100%

Sum of two exponential random variables.

Assume that X ~ exp(Ay), ¥ ~ exp(Az), X and ¥ are independent and Ay # As. Then

straightforward calculations provide us with the following cumulative distribution function
of X 4+ \
. - 1

Flz) = 1— 2 Mz _ _ 72

C Ao — A Al — Ay

E.‘—lzi“

Sum of three exponential random wvariables.
First scenario: Assume that X ~ exp(A;), ¥ ~exp(Az), £ ~exp(As), X, Y and Z are
independent and Ay # Az # Az, Then the cumulative distribution function of X +Y + 2
is given by:

F[t) - 1_ 213 (\—}\1_‘[‘_ 1413 (\_3\21 149

(A — A1) (A2 — M) (A1 — A2)(As — A2) (M= As) (A —)‘3:]t

—Asx

Second scenario: Assume that X, Y ~ exp(M), £ ~ exp(Aa), , X, ¥V and Z are
independent and Ay # A;. Then the cumulative distribution function of X + Y + 2 is
given by:

=AM

J';\l)‘n-_g )‘ngl{)\g — 2)\1 ] /"‘1?12
YRS VO G Vi v T e O o W e

_—Aar

F(z) = 1+
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M/M/1: Sojourn Time

Sojourn time is exponentially distributed:

w4 exp (mea.n = ; ! [1 + LU .
pl—p) p L—p

Proof: By PASTA and the memoryless-properly of Exponentials,
{E Pl'r Ed E '- =
= Y X, X, ~exp(p) iid,
i=1

N2L+14 Geom(1 — p) (from 1);
N and {X;} are all independent.

Conclude by recalling: Geometric sum of iid Exponentials is
Exponentially distributed. (The parameter is calculated via Wald. )

Aside: The latter property is essentially Poisson-Splitting. A self-
contained proof can be give via Moment generating functions:

. N
ow(t) a Elexp{tW}] = E|exp{t- X X}
i=1

i ¥
= E|E |exp{t- Z X{}‘N}

[}L2 111c1epmdent with E [exp{tX;}] =

b

,Laa‘
i N k
. } - k-1 M
— B[ — | — _r
(#—f)] ZL 2 Qr—J
_ pll—p) i(m) p(l —p)
w—1t  p=o\p—t wl—p)—1
= Dexp(p(1—p))(t) -

11



M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W;>0} & Byp=YXm=——m.

Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: mmportant later in course.

Number-in-queue:

or

{ 0 wp 1 — Eop

Geom=qo(1 — p) wp Eap

Waiting time distribution:

W, 0 wp 1— Es,
1/p

Erp (mean = %

1 T
.1_—;3) wp FEa,

Compare with M/M/1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M /1.

12
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(M1 15) DIV» 3 NHNY

NN 20 %9 DY NYSIIIN MDY IRNND N7YTN .NIND NV TP HW 19 My Aannnn ACD nyT yns yond

1INRN MNP 0) 9NN N7370 090NN .Erlang-A noayns 7pimn N IRND 11,1905 MONWUD TN .My

SNNAN MOIRYN DY NNy 12 wRnuH AT TNy VIvNY 199NV »15 ,n3Nan Hv

Time | Arrivals | Served | % Abn | E(Wq) | E(WqWg>0) | % Wait=0 jmhﬂ_m“e .ﬁ_,,%..._mﬂ zwﬂwﬂ_s o_HmhM_o_ % Wait>30
10:00 387 386 0.26 2.06 7.8 73.58 194.9 42.60 0.51 41.90 0.00
10:30 456 435 4.61 28.15 31.9 11.84 1856 44.21 6.86 47.02 3518
11:00 448 441 1.56 7.94 18.1 56.08 173.3 40.93 2.07 43.13 8.53
11:30 500 463 7.40 33.44 40.9 18.27 192.2 45.97 8.78 53.38 54.66
12:00 520 474 885 45 92 46.6 1.40 178.8 47.28 12.03 51.66 67.67
12:30 491 471 4.07 27.34 32.7 16.41 177.9 44.66 7.34 48.54 49.01
13:00 498 487 221 17.90 29.5 39.41 194.6 50.04 4.90 53.85 2413
13:30 478 472 1.26 20.3 78.27 170.7 49 81 8.10
14:00 475 471 0.84 3.13 13.9 77.56 178.4 45.47 0.92 47.07 1.97
14:30 462 455 1.52 592 12.7 53.45 195.6 48.97 1.57 50.20 1.82
15:00 434 427 1.61 7.00 157 5534 185.4 43.48 1.72 4470 4.08
15:30 403 389 3.47 14.71 30.7 5213 207.8 43.03 3.33 46.52 2318
16:00 400 400 0.00 0.28 58 95.26 166.8 39.95 0.16 37.07 0.00
16:30 432 M7 3.47 21.03 37.5 43.92 186.5 41.34 5.04 4477 2957
17:00 489 473 327 14.68 30.0 51.08 199.5 60.23 4.09 54.20 2] 310
17:30 478 465 272 20.08 34.6 41.94 194.2 49.72 5.29 51.56 32.97
18:00 439 437 0.46 273 27.0 89.91 168.9 43.52 0.82 41.18 218
18:30 573 539 593 33.22 44.3 2510 209.0 57.14 10.21 66.54 52.08
19:00 418 416 0.48 0.18 ST 96.87 1921 56.93 0.14 44.60 0.00
19:30 478 472 1.26 11.28 29.6 651.88 171.7 48.17 3.10 45.59 19.91

14
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o A*E(S) _ 478*170.7

= 45.32
1800 1800
E(W,)=EW, |W, >0)P(W, > 0) = 20.3* (1-0.7827) = 4.41sec
478*4.41
E(L)=AEW)="""_"1""_117
(Z,) U#) 1800
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:DAVN

A%

(i=1,2,3,...,20) -1 5NI0YNI NWINM 1901 - 4,
1 -1 9NIVINI NN DINIVN 190N YN - N,

- 1-N9MLYNI MNNNZ MIanoNN nx B (W, > 0)

20
2N

P(Ndaily) = i:120

20

> A*BW,>0)
P, >0)==

20
24
i=1
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:DAVN

- 12:00-12:30
ED :1mYyan nyym
: 920N

100% =~ o»nNNN NN

9% = M2y DVYLN NNN
ATY TUN 174-n NOYN5) MHON TN MINNN DY

p= R = 51.66 =100% o nvn MmN
N 47.28
47.28-51.66
=——— ~-0.6
p +/51.66
- 17:00-17:30

QED : mYwan nyym
: 920N

49% =~ DNNNN NN
3% =~ N12) XY DOVLN VNN

p=£= 24.2 ~90% o NIWN MN)
N 60.23
60.23-54.2
=—————~038
d \/54.2
- 19:00-19:30

QD : owan nvym
: 920N

MN2T NNNNM MY0)

DMV PMIVY” 12y 1O Mo, p = — =~ 80% oonIvn M)

-~ Zl=

_ 56.93-44.6

~1.84
\J44.6
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199 Erlang-A noyn »nan

1_EW) 441

— = = 350sec
0 P{4Ab} 0.0126

.NAN TP AN 9D ONMM 1 NONYA 3.6
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E(Service)
E(Patience)

9 _
Y7

AP MDY AT Y8 WP (0Nwn 190n) N n)
PYN <= NP NI IMPY I IWOY MMPY NN AN ,N9TI NNYADN DX - MMPHN NNIYI0 NN MWD
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:DAVN

JN * P{Ab} =50 *0.0126 = 0.09

R=145
55045 0
/45

PN % =0.1 5w 990 5y nxym (0.75,0.09) nmipan 970 95

% = 10*l =1700sec

Y7,
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Erlang-A: % Abandonment

VoAb x /n vs. 3, for varying (im)patience (6/y1):

§\

\\
A\
A\

[4%]

M
(-]

N
[}

M
iy

M
N

M3

-

P{Abandon}*VN
9

N

N o 1
f/’/.'\ 4 \\W/
% 01 -2 &\5}
| | | o \i%

B
GMR(D.1) GMRID.5) GMR(1) GMR(2) GMR(S)
GMR(10) GMR{20) GMR(50) GMR(100)

Note the behavior like —3/y/n, for (relatively) large negative 3
and over all (im)patience levels. For an <:~};pla.11<1tic'}n think ED:
n=R+3VR=R—~R; hence v =~ —f3 /v 'R =~ —3/y/n, and v
is P{Ab} in the ED-Regime.
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