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Figure 5.12 The expected number of employees serving declines as the maximum
queue size per server increases. For R > 1, the limit is R, For R = 1, the limit is one.
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Input G0 n0:.00 Range 10:00 12
multi-walue W
Basic Target Average Hohnswer
el | T Ni;”;netrsnf Handligng ﬁﬁl:fw”a?r withir
(minutes)  Answer Time Target
Results
1 G0.0 00:00.0 a.n 10:00.0 12.0 55.6%
2 G0.0 00:00.0 40 10:00.0 12.0 a2.6%
K] G0.0 Qo:00.0 4.0 10:00.0 12.0 94 0%
4 G0.0 00:00.0 G.0 10:00.0 12.0 98.2%
] G0.0 00:00.0 7.0 10:00.0 12.0 99 5%
4] G0.0 Qo:00.0 a.n 10:00.0 12.0 99 8%
7 G0.0 00:00.0 9.0 10:00.0 12.0 100%
a G0.0 00:00.0 10.0 10:00.0 12.0 100%

Sum of two exponential random variables.
Assume that X ~ exp(Ay), ¥ ~ exp(Az), X and Y are independent and A; #£ Ap. Then

straightforward caleulations provide us with the following cumulative distribution function
of X +V: i )\
;s A2 — 1 —
F{z) = 1 - =M% _¢=
o Az — A A — A

Sum of three exponential random variables.
First scenario: Assume that X ~ exp(A). Y ~ exp(Aq), Z ~ exp(Az), X, Y and Z are
independent and Ay # Ay # Ag. Then the cumulative distribution function of X +Y 4+ 2
is given by:

Aa A M A SYSY
F[t:l - 1 243 <‘—3\1-'f_ 1443 {‘—)\.9_1' 1A

(Az — A1 )(Ae — Aq) (A1 — A2)(As — A2) _[j)\l—f;\S)'[J\Z—)\i]t

_—AsT

Second scenario: Assume that XY ~ exp(A), £ ~ exp(Ay), , X, YV and Z are
independent and Ay # As. Then the cumulative distribution function of X +Y + Z is
given by:

J'.)\l/"\-_g /"\3(:\2 — 2.)\1 ] —MT /"\'1}‘
i vl L e
AL — Ag (A1 — Ag)? (AL — Ag)?

_—Aar

F(z) = 1+

10



M/M/1: Sojourn Time

Sojourn time is exponentially distributed:

w 4 exp (mea.n = # [1 + LU :
pl—=p) p L=p

Proof: By PASTA and the memorvless-properly of Exponentials,

N
L Y X, Xi~explp) iid,
i=1

N2L+14 Geom(1l — p) (from 1);
N and {X;} are all independent.

Conclude by recalling: Geometric sum of iid Exponentials is
Exponentially distributed. (The parameter is calculated via Wald. |

Aside: The latter property is essentially Poisson-Splitting. A self-

contained proof can be give via Moment generating functions:
_ N
ow(t) & Elexp{tW}] = E |exp{t- > Xi}

i=1

= E- E Jexp{t - Z X} N]

[Az mdeppndent with E [exp{tX;}] = )

p—t
r N ke
. H _ _ U
— B _ | — e
_(,u—z‘.) ] Z[‘ PJP (,u—t)
_ nl—p i(#ﬁ) _ _pl—p)
w—1t  p=p\p—t wl—p)—t
= Pexp(u(1-p))(t) -

11



M /M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

Erlang-C computation: via recursion. see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{Ly=i} = Ean-(L—p)p', >0,
or

L. =

g

{ 0 wp 1 — FEsp

Geom=g(1 — p) wp Ea,

Waiting time distribution:

W, 0 wp 1 — Es,
1?# B Ezp (meam = %

1 T
'lTp) wp Ean

Compare with M /M /1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M/1.

12
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(MTPI 15) oIv» 3 NHNY

MNNN 20 %9 DY NYNINK MDY IRNI N7ITN .XIND NV TP DY 1Y My annnn ACD n7yt ym ond

PINNN MNYa D) GN8N N7¥10 09,09 .Erlang-A no7yns 1pmn NN INNY 112 1905w MONWUN TNINY .Myw

SINAN MYNYA DY MaynY 12 wnnvwn At My YivnY 192nY 15 ,n3rnan by

Time | Arrivals | Served | % Abn | E(Wa) | E(WqWa>0) | % Wait=0 jmhuﬁ_mma h%mhw z,mﬂ”w_z o_HmhMﬁ_ % Wait>30
10:00 387 386 0.26 2.06 7.8 73.58 194.9 42 60 0.51 41.90 0.00
10:30 456 435 451 28.15 319 11.84 1856 4421 6.86 47.02 3518
1100| 448 441 156 | 7.94 18.1 56.09 1733 40.93 2.07 4313 853
11:30 500 463 7.40 33.44 40.9 18.27 192.2 45.97 8.78 53.38 54.66
12:00 520 474 8.85 4592 46.6 1.40 178.8 47.28 12.03 51.66 67.67
12:30 491 71 407 27.34 327 16.41 1779 44,66 7.34 48 54 49.01
13:.00 498 487 221 17.90 29.5 39.41 194.6 50.04 4.90 53.85 2413
13:30 478 472 1.26 20.3 78.27 170.7 48.81 8.10
14:00 475 71 0.84 313 13.9 77.56 178.4 45 47 0.g2 47 07 1.97
1430 | 462 455 | 152 | 592 12.7 53.45 195.6 48.97 157 5020 1.82
15:00 434 427 1.61 7.00 15.7 55.34 185.4 43.48 1.72 4470 4.09
15:30 403 389 3.47 14.71 307 5213 207.8 43.03 3.33 45.52 2318
1600 400 400 | o000 | o028 5.8 95.26 166.8 39.95 0.16 37.07 0.00
16:30 432 417 3.47 21.03 37.5 43.92 186.5 41.34 5.04 4477 28.57
17:00 489 473 SETT 14.68 30.0 51.09 189.5 60.23 4.09 5420 21.30
17:30 478 465 272 2009 346 41.84 1942 48 72 529 51.56 3297
18:00 439 437 0.46 273 27.0 89.91 168.9 43.52 0.82 41.18 219
18:30 573 539 593 33.22 44.3 25.10 209.0 57.14 10.21 66.54 52.08
1900 | 418 416 | 048 | 018 5.7 96.87 1921 56.93 0.14 44.60 0.00
1930 | 478 a2 | 126 | 1128 206 61.88 1717 4817 3.10 4559 19.91
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Erlang-A: % Abandonment

oAb x \/n vs. 3, for varying (im)patience (6/):

AN
\
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\

P B 4

(48]
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N
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[yl
e

o]
(o)

N

-
=]

-
a

P{Abandon}*vN
'5¢§55¢’ﬁ#
L

.

A\
\¥
\\$§Q (n |
\XK H(2)

02 \ %

<3 25 2 15 414 05 0 05 1 15 2 25 3

/

GMR{D.1) GMR{0.5) GMR(1) GMR(2) GMR(5)

GMR{11) GMR(20) GMR(50) GMR{100)

Note the behavior like —3/y/n, for (relatively) large negative 3
and over all (im)patience levels. For an explanation, think ED:

n=R+p3vR=R—~R: hence v = —f3 1 VR~ -0 /+/m, and v
is P{Ab} in the ED-Regime.
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File Table Settings Help

. Performance Profiler \ Staffing Query ] Advanced Profiling ] Advanced Queries l Whatif Analysis I

Performance performance Profiler allows you to determine and aptirnize the Performance Level of your Gall Gerter. Enteryour call center's parareters below, 1
Profiler ‘Compute’.

four Call Center's Parameters

Setlings
*+  Number of Agents Answering Calls ’T * Features: Mone Selected
*  pyverage Time to Handle One Call (mm:ss) IW *  Basic Interval: G0 minutes
*  Calls per 60 minute Interval W *  Target Time: 00:10 (mmiss)

Change Settings

Compute *  Addto Table Delete Rows Clear all ‘ Export ‘ i ‘ Graph
Basic Target PAverage ; Average  %Answer  Average i
Interdal Time to Ni;nebr;etrsuf Handling Ciﬁugsn?;r OcAEue;atr?cy Speed of wiithin Giueue :
{minutes)  Answer Time Answer Target Length

Results

1

2

3

4

5

B

7

g

g

1n
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Time | Arrivals | Served | % Abn | E(Wq) | E(WqWg>0) | % Wait=0 ._.whﬂ_mme H%m_m“. z_m”__wmqm_: o_HmH_o_ % Wait>30
10:00 387 386 0.26 2.06 7.8 73.598 194.9 42.60 0.51 41.80 0.00
10:30 456 435 4.61 28.15 31.9 11.84 185.6 44.21 6.86 47 02 3518
11:00 448 441 1.56 7.94 18.1 56.09 173.3 40.93 2.07 43.13 8.53
11:30 500 463 7.40 33.44 40.9 18.27 192.2 45.97 8.78 53.38 54.66
12:00 520 474 §8.85 4592 46.6 1.40 178.8 47 .28 12.03 51.66 67 67
12:30 491 471 407 27.34 327 16.41 177.9 44 66 7.34 48.54 49.01
13:00 498 487 2.21 17.90 295 39.41 194.6 50.04 4.90 53.85 2413
13:30 478 472 1.26 203 7827 170.7 49 81 810
14:00 475 471 0.84 3.13 13.9 77.56 178.4 45 47 0.92 47 .07 1.97
14:30 462 455 1.52 592 12.7 53.45 1956 48 97 1.57 50.20 1.82
15:00 434 427 1.61 7.00 157 5534 185.4 43.48 1.72 4470 4.09
15:30 403 389 3.47 14.71 30.7 52.13 207.8 43.03 3.33 46.52 23.18
16:00 400 400 0.00 0.28 58 9526 166.8 39.95 0.16 37.07 0.00
16:30 432 M7 3.47 21.03 375 43.92 186.5 41.34 5.04 4477 2957
17:00 489 473 S 14.68 30.0 21.09 199.5 60.23 4.09 24.20 21.30
17:30 478 465 272 20.09 34.6 41.94 194.2 4972 5.29 51.56 3297
18:00 439 437 0.46 2.73 27.0 89.91 168.9 43.52 0.82 41.18 2.19
18:30 573 038 5.93 33.22 443 2510 208.0 57.14 10.21 66.54 52.08
19:.00 418 416 0.48 0.18 ShE 96.87 1921 56.93 0.14 44 60 0.00
19:30 478 472 1.26 11.28 296 61.88 171.7 48.17 3.10 4559 19.91
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