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1 1
X ~exp| mean =—————=— hour |=exp(8)
/u(l ~— P ) 8
M|M]6 1) 3 NN Mna MmN i =Y

0 w.p.I-E,

Y = [ 1
exp| mean = —-
nu 1_p3

hour] =exp(24) w.p. E,

(3 MNN2 NV Y NOYN Y = Z
Z~ exp(mean =5 minutes = é hourj =exp(12)

DINA TN NN NI NN DI T MINND NN PN D NI 199 191 2 NN MPIXN)
.(1 MNN2 DN

" Z,Y,X

P(X+12+Y +Z>40)=P(X +Y +Z >28) =
=P( X+Z >28)*PY=0)+P( X+Y+Z >28|Y>0)*P(Y >0)

sumof two exponential sumof three exponential
random variables random variables,
first scenario

=0.064*0.982+0.093*0.018 = 0.065
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Sum of two exponential random variables.
Assume that X ~ exp(A(), ¥ ~ exp(Az), X and Y are independent and A\; # A;. Then

straightforward calculations provide us with the following cumulative distribution function

of X +V:
Ao ar A

Mo — M N N

—Aax

F(z) = 1-

Sum of three exponential random variables.

Assume that X ~ exp(\;), Y ~ exp(Ag), Z ~ exp(A3), X, Y and Z are independent and
A1 # Ay # Ag. Then the cumulative distribution function of X +Y + Z is given by:

O ¥ R 1P Y
(A3 = A1) (A2 — M) (M = A2)(As — Ao) (A1 = A3)(A2 — Ag)

—Aax

F(z) = 1

M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W,>0} & Fy,=Xm= " Lﬁ ..

i=n n! 1—

Erlang-C computation: via recursion. see Erlang-B below.
Erlang-C approximations: important later in course.
Number-in-queue:

P{Lq - 3‘} - E?_“ " |:1 - F]FE s ? .:" [}..

or

L - 0 wp 1— FEy,
Geom=p(1l — p) wp Ko,
faiting time distribution:
W, [0 wp 1 — FEy,
1/ i Ezp (mean = <. ﬁ) wp Eaj,

n

Compare with M /M /1!

Departure process: Poisson(A) in steady-state.
Proof via reversibility, as with M/M/1.

11



M/M/1: Further Properties

¢ Delay probability (PASTA )
P{W, =0} = p.
e Waiting time in queue (given delay, it is exp}:

W, . ( wp 1l—p
Lip exp (mmn = ﬁ ] wp p
- War I _
Note: E[LTz]—DxH Pt xp=15
¢ Number-in-system /queue:

P P
E[L] = 5 E[L,] = T
P P
e Server's utilization (occupancy) is p = A/ .
Via Little's formula, applied to “svstem = server”:

1
p= 11111 Lc, (u) du=Xx —.
T‘{] ErvEr P!_

¢ Departure process in steady state is Poisson (A) (Burke's
theorem) — useful in queneing networks.
support: Reversibility implies that the departure process equals
(in distribution) the arrival process. Furthermore,
Average inter-depnrtum time =

(L, w 1
T —P =5

12
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TN TN 0O DT 200 NIVY 3 TIY 7R UTI AN DR TRR 77 KT
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NYTIN PRYND ONY IWIND ,PNINT N NPT 3 TIN 1OV INBVN MPYN TP mmpoo
YTNY NOW MIaN Yy D710 MOIP YVIN ,PIND NYINND PYND .MYY 3 TIN DIPYN NN
NN 9OV YIND MDTHN NNYPNN MIANHD NNX DY HONDLN TPINN DN DN DX 12
YPYN TP DY IR MM YN NIN DY, MY MOIWN NOTIND DNPN 1IN ,05MPY
MDYI MYNN YNNI DYDY DT PIND YTYA NTHRYN NN PITAD YT NN ONADVN
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-5 NPT N MYH DON ITINY NN TV ,WTNN PINN DD DIV ¥ PA0N Tpn Hnn 3.1
VYN Y 1ANDN KIN9) INY GNY NT T THRY TPIINY 19 DY X 13 181D NIN .HINWNN 80%
MY NN MYV I0IN DY WIAND NN MY SIPO PYTY (NPT TN DY MNWNN 85%
NNID NXANY VYV NN 9110 NPTHY DNNT NI 1T NYOIND 920N WIS TP MNNIN

IMPON HY NI MPIY T0IND TR ATNINY TTHN NN NV MDY

: NWVN

NP IIRY NN SNMYI NN NPT TIN DOWN HNX — TPIIN YHNWN 12W MDY NHIY TTHN
PR N NNV MMPY DY MNNNN TUN YY 595 HONDN N DOWOLNN NN NAVN1a
oy MPYN NN 7o ovnn bwnd , LCES (Last Come First Served) »92 910 5709 ny»n
YOV DIV 27 PAT MONY INHN WLPY D27 NINPY PN P TN DM NN TTHN 19
(MPYWYaPY XY ON 29 JI3 VNS 0) ,IMDD)

VP PINKND YTIN DIND DM TN Tpn v ACD N1 nin pon nnoonn nbav 1on

:MT2 MTYN
ASA Avg Aban Time | ACD Calls | Aban Calls
8:30 8.73 15.55 113 11
9:00 4.86 0.00 239 0
9:30 17.08 16.46 391 39
10:00 25.03 10.71 432 28
10:30 1.16 0.00 392 0
11:00 0.15 4.50 357 2
11:30 0.00 0.00 350 0
12:00 5.59 13.17 334 12
12:30 11.90 9.84 337 19
13:00 7.40 9.40 298 15
13:30 11.43 13.09 289 23
14:00 6.35 15.09 323 22
14:30 6.40 13.10 345 21
15:00 22.76 18.05 432 22
15:30 2.41 4.57 574 7
16:00 1.08 5.00 533 1
16:30 50.28 36.57 406 121
17:00 163.99 50.97 431 317
17:30 426.70 214.25 128 216
18:00 584.69 737.27 13 49

ASA — Average Speed of Answer (sec) e
PYADDPY MNIPY DY N2 YXINN NINND Y3

Avg Aban Time — Average Abandon Time (sec) e
AV MINIPY SY N2 YN0 INNN 0%

MY IDPY NIMpHn 9900 - ACD Calls o

AWV MNPON 190N - Aban Calls e
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S1IOLPN MNHIN PIT YXINKI DWONN NN ,MYINN TO IR IWNY ¥ T8 1INN 3.2
27901 2N TN PN .NYTA I THD Sy 0010

:NAVN
Number of arrivals = ACD Calls + Aban Calls

Aban Calls

%Abandonment =
° Number of arrivals

ASA x ACD Calls + Avg Aban Time x Aban Calls
Number of arrivals

Average waiting time =

TN AT ONN) THD DY ,ONTVIN 532 NNDADN PIT YNINND NN ITARD T¥ V1P IINN 3.3
299010 2WOINA TNN PR RPN NMIDIODN JIT YINND NN VNN

:DAYN

231N 191901K Y53 NNHADNH Y¥INN

E[r ]:i: Total waiting time; _ Average waiting time,
e, # abandon, P{Ab},

_ Average waiting time, xNumber of arrivals,

- Aban Calls,

:9NIVIN YDA NYNINNT MITADN DY HOPIVN YSINND 1D MDD MIDIDN YN

| Total waitine ti ZNumber of arrivals, X Average waiting time,
_ Total waiting time _ 4

0 # abandon ZNumber of arrivals, x%Abandonment;

1

Elz]=

NTIAYN DY NYNNN NIRNNN NYWN IXND DNMNN | DPTIND TWURD
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216

,———=0.628 =62.8% : 1N owLNN YNX 18:00 -9 17:30 Pa bwnd
128+216

MNHIN YN
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128+216

MPT 4 WYY NN MPT 5) =300 sec : 1N Y$mNN

(MY
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YN MPY TN ST 1TO YOP YN MNNN 1IN PDON XY TN ,(10%-n MN) 1)

2
NNIN AN —3=O.O724=7.4% PN DXWOLNN INN 14:0 -5 13:30 Pa bvnd
289+23

(11.43x289)+(13.09%23)
' 289+23

=11.55 sec : 10 y8mnn

97191 Y0 N ,MNN MLV TNNY ,NIYNXIN 2DV .WTNN PINN YY1 NYD Tpnm 3.5

NPT OY NMYNN AP 2D NP TN D (Erlang A 571 Xin TN MNOND 0INNNN
,19:30-Y 18: 30 NYw 2 ,5WNY .29yN MYV DMIVPNNRN NMIMPOHN MDAPNN DN MINNN
MPYN TYNM MPT 4 — D NN NYXINHNN NNDADN ,MNY 250 — 3 MYIN SVITIVD DIN D2
TN NY TPINN MMPONI 90% 5 NXVIND NN TPIIN DN NPT 4 DY NIN DX TR YINNN
9901 171,820 1Y 4CC N5 SY 1IN 29 HY .IWVI NMINPINN 5%-ND 1N XYY MPT 3
NON DT MVIAND TN DY WYIVTN YD1NHN DNITPINN

:DIVN
DINRY 1) MPT 3 TN NY MNYNN 90% — v NVaNY MmN Sy ,4CC NN HY VYN TID DY

DINN DT YPINR NNN .TINSD DT 19-2 TPINN IR WORD ¥ 5% DY NDY XY DOWONN
.95.5% — 2 9y Ty 90% -1 M 717 MPT 3 TIN NN MNPWN
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Input 60 0300 Range 04:00 250 04:00

Multi-value v

Basic Target Average Average  %Answer

Interval Time to N:rgnebnirsof Handling %ﬁ{l:mﬁr S;EL?CZ %Answer %Abandon  Speed of within

(minutes)  Answer Time Answer Target

Results

1 60.0 03:00.0 10.0 04:00.0 250.0 04:00.0 59.7% 40.3% 01.52.9 49.4%
2 60.0 03:00.0 1.0 04:00.0 250.0 04:00.0 65.3% 34.7% 01327 58.5%
3 60.0 03:00.0 12.0 04:00.0 250.0 04:00.0 T0.7% 28.3% 01:15.0 66.6%
4 60.0 03:00.0 13.0 04:00.0 250.0 04:00.0 75.8% 24.2% 00:59.7 73.4%
5 60.0 03:00.0 14.0 04:00.0 250.0 04:00.0 80.5% 19.5% 00:46.7 79.2%
6 60.0 03:00.0 15.0 04:00.0 250.0 04:00.0 84 6% 15.4% 00:358 84.0%
7 60.0 03:00.0 16.0 04:00.0 250.0 04:00.0 88.2% 11.8% 00:26.9 87.9%
8 60.0 03:00.0 17.0 04:00.0 250.0 04:00.0 91.2% 8.8% 00:19.7 91.1%
9 60.0 03:00.0 18.0 04:00.0 250.0 04:00.0 93.6% §.4% 00141 93.6%
10 60.0 03:00.0 18.0 04:00.0 250.0 04:00.0 95.5% 4 5% 00:09.8 95 5%
1 60.0 03:00.0 20.0 04:00.0 250.0 04:00.0 96.9% 3.1% 00:06.7 96.9%
12 60.0 03:00.0 21.0 04:00.0 250.0 04:00.0 98.0% 2.0% 00:04.4 98.0%
13 60.0 03:00.0 220 04:00.0 250.0 04:00.0 98.7% 1.3% 00028 98 7%
14 60.0 03:00.0 23.0 04:00.0 250.0 04:00.0 99 2% 0.8% 00:01.8 99 2%
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Erlang-A: The Garnett Delay-Functions

TN TN

[
N

P{W, > 0} vs. the QOS parameter 3, for varying patience 6/
\ 1,
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\\
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P{Wait>0}

/[ /

— Halfin-Whitt — GMR(0.1) GMR(05) —GMR(1) —GMR{2)

—GMR(5) = GMR(10) GMR(20) =—GMR(50) == GMR(100)

GMR(x) describes the asymptotic probability of delay as a function of B when
g

= X. Here, 6 and 1 are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.
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Efficiency-Driven M/M/n+G (ED)

Let v be a QQOS parameter, 0 <y < 1.
Assume G(z) = has a unique solution 2* = G~1(7), at which
glz*) = 0.

Staffing level:

n=R.-(1-7), v>0.

o P{W; >0} = 1.
¢ Abandonment-Probability converges to:
P{Ab} = 7 = 1—1.
e Offered-Wait converges to x*:
E[V] = 2%, vV L o,

e Waiting distribution (asymptotically):

W, & G*, E[W,] — E[min(z*,7)],

where (G* is the distribution of min(z*, 7), namely

G(r), z <az*;
1, i

G*(z) =
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Quality-Driven M/M/n+G (QD)

Density of patience time at the origin: gy > 0.
Staffing level:
n= R-(1+4), d = 0.

e P{W, > 0} decreases exponentially in n.

e Probability to abandon of delaved customers:
P{AbBIW,; >0} = —-—— - —+0
!

o Average wait of delayed customers:

B, | W, >0 = +. 110 1+a(1).
1

n A n

e Linear relation between P{Ab} and E[I¥]:

P{Ab}
— ™ 0
E[W]
e Asymptotic distribution of wait:
W, t . - A
P >— | W, >0} ~ e 1700 =
{E(S} n| ¢ } R
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The Erlang-A Queue in the QED-Regime

Theorem (with Garnett & Reiman, 2002)

The following points of view are equivalent:

0. QED: P{W, > 0} = a, for some () < a < 1;
1. Manager: n = R+3VR, for some —oc < 3 < oo;
2. Servers: Occupancy = 1 — A+ T:_
VT
3. Customers: P{Ab} = x;ﬁ for some 0 < v < o0;

in which case

S 7 hp) |
i = ﬂ'{ﬁg}l = ‘1+Jim] s

which we call the Garnett Delay-Function(s);
here 3 2 J\Jg and

v = Q.E- h(B)— 3] .
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Naotation Frobability Function ameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) plk) = Amuﬁra:\r 0<p=1—g<1ln>1 k=0,1,...,n [p-et + g™ np npg
ke i
Multi- o = —al ot 0 < pis i=1hin>1 E(X;) =np; cov(X;, X;) = —npip;
X ~ Mult(n, p) we) mrtm [ 7 <Pl = 0<z;y ‘zi=n ] (Xi) = nps viX: .L PP X; ~ Bin(n, p:)
nomial z = f(z1,...,%Tx) p=(P1,.er Pn) i=1,....k (i 34)
Negative m Number of trials
Batly X ~ NB(m,p) 0<p=1-g<lim>1 E=mm+1,... TFJ. z
Binomial T till m-th success
t
Geometric X ~ G(p) 0<p=<1 k=1,2,... $ W Mqu. X ~ NB(1,p)
Poisson X ~P(A) AZz0 k=0,1,... exp{—A{1 —e*)} A A
. At N — special ments
Hyper- N, M >0, max(0,n — M)} < k n TR WO inary y
P X ~ HG(N, M, n) (k) = ﬁ 1< . et NN M — ordinary ones
geometric 1<n< N4+ M k < min(n, N) n — sample size
k — special in sample
Density Function
B X ~ B 3 1) = 3 <t< C 1i d 3 3 Unifi
~ N: \f ; 2 —_— =8= :
eta eta(o, 3) Clats) jat(y _ ot a, >0 0<t<1 omplicatec =57 Py o= 1 — Uniform
Ta)I(F)
Tz)= [T u*le "da
Gamma, X ~ Gammal(o, A) fit) = Vc.lnﬂ.n|:_ynh a, A >0 t>0 (1—4&) = kY WRM () .Hc
=(xz— 1)z —-1)
AT 1At . t " n n Y
Erlang X ~ Erlang(n, A) fit) = = n=1,2,...:A>0 t>0 T — MU by kel X ~ Gamma(n, A)
Expo- . At At 1 1
X ~ Exp(A) F(t) = Xe A>0 t>0 (1 Hv b . X ~ Gamma(l, A)
nential »
o Fit) = ) @
Normal X ~ Nip, %) —c<p<oe; >0 —oo <t <o mxtﬁwﬁ+wan\w o o

28



