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Sum of two exponential random variables.
Assume that X ~ exp(A(), ¥ ~ exp(Az), X and Y are independent and A\; # A;. Then

straightforward calculations provide us with the following cumulative distribution function

of X +V:
Ao ar A

Mo — M N N

—Aax

F(z) = 1-

Sum of three exponential random variables.

Assume that X ~ exp(\;), Y ~ exp(Ag), Z ~ exp(A3), X, Y and Z are independent and
A1 # Ay # Ag. Then the cumulative distribution function of X +Y + Z is given by:

O ¥ R 1P Y
(A3 = A1) (A2 — M) (M = A2)(As — Ao) (A1 = A3)(A2 — Ag)

—Aax

F(z) = 1

M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:
. ; R 1
P{W, >0} &2 By, =Y m=—— .
I{]

i=n n! 1—

Erlang-C computation: via recursion. see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{L,=i} = Ey,-(1— plp' i =0,
or

L, {U wp 1— FEs,

Geom=g(1l — p) wp Eo,
Waiting time distribution:
W, [0 wp 1 — Es,
1/p i Exp (mean: ?1—! . ﬁ] wp Fa,
Compare with M /M /1!

Departure process: Poisson(A) in steady-state.
Proof via reversibility, as with M/M/1.
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M/M/1: Further Properties

¢ Delay probability (PASTA )
P{W, =0} = p.
e Waiting time in queue (given delay, it is exp}:

W, . ( wp 1l—p
Lip exp (mmn = ﬁ ] wp p
- War I _
Note: E[LTz]—DxH Pt xp=15
¢ Number-in-system /queue:

P P
E[L] = 5 E[L,] = T
P P
e Server's utilization (occupancy) is p = A/ .
Via Little's formula, applied to “svstem = server”:

1
p= 11111 Lc, (u) du=Xx —.
T‘{] ErvEr P!_

¢ Departure process in steady state is Poisson (A) (Burke's
theorem) — useful in queneing networks.
support: Reversibility implies that the departure process equals
(in distribution) the arrival process. Furthermore,
Average inter-depnrtum time =

(L, w 1
T —P =5

12
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-5 PPT N MYH PN ITINY NN TV ,WTNN PINN DD DIV ¥ PI0N Tpn Hnn 3.1
VYN Y 1ANDN HIN9) AN GNY NT T THRY TPIDNY 19 DY X 13 181D NIN .HNWNN 80%
MNTN NN MYV I0IN DY WIANN NXT MY MIPO PITY (NPT TIN DY MNWNN 85%
NNID NXANY VYV NN 9110 NPPTHY DINNT NI 1T NYOIND 920N WIS TP MNNIN
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VYN PINKND YTIN DIND DM TN Tpmn v ACD N1 »mnin pon nnoonn nbav 1ony

:MT2 MTYN
ASA Avg Aban Time | ACD Calls | Aban Calls
8:30 8.73 15.55 113 11
9:00 4.86 0.00 239 0
9:30 17.08 16.46 391 39
10:00 25.03 10.71 432 28
10:30 1.16 0.00 392 0
11:00 0.15 4.50 357 2
11:30 0.00 0.00 350 0
12:00 5.59 13.17 334 12
12:30 11.90 9.84 337 19
13:00 7.40 9.40 298 15
13:30 11.43 13.09 289 23
14:00 6.35 15.09 323 22
14:30 6.40 13.10 345 21
15:00 22.76 18.05 432 22
15:30 2.41 4.57 574 7
16:00 1.08 5.00 533 1
16:30 50.28 36.57 406 121
17:00 163.99 50.97 431 317
17:30 426.70 214.25 128 216
18:00 584.69 737.27 13 49

ASA — Average Speed of Answer (sec) e
PYADDPY MNIPY YW 9N Y30 NINND Y3

Avg Aban Time — Average Abandon Time (sec) e
AV MINIPY SY 91N Y8Inm MINnN 0%

MY YPY MNP 190N - ACD Calls e

AVOIW MNMPON 1900 - Aban Calls e
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Input 60

Multi-Value
Basic
Interval
(minutes)
Results
1 60.0
2 60.0
3 60.0
4 60.0
5 60.0
G 60.0
7 60.0
8 60.0
9 60.0
10 60.0
11 60.0
12 60.0
13 60.0
14 60.0

03:00 Range
v
Target
Time to N:;nebnirsof
Answer
03:00.0 10.0
03:00.0 1.0
03:00.0 12.0
03:00.0 13.0
03:00.0 14.0
03:00.0 15.0
03:00.0 16.0
03:00.0 17.0
03:00.0 18.0
03:00.0 19.0
03:00.0 20.0
03:00.0 21.0
03:00.0 220
03:00.0 23.0

04:00

Average
Handling
Time

04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0

250

Calls per
Interval

250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0
250.0

04:00

Average
Patience

04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0
04:00.0

SaAnswer

59.7%
65.3%
70.7%
75.8%
80.5%
84.6%
88.2%
91.2%
93.6%
95.5%
96.9%
92.0%
98.7%
99.2%

Y%Abandon

40.3%
34.7%
29.3%
24.2%
19.5%
15.4%
11.8%
8.8%
6.4%
4 5%
3.1%
2.0%
1.3%
0.8%

Ayerage
Speed of
Answer

01529
01327
01:15.0
00:59.7
00:48.7
00:35.8
00:26.9
00197
00141
00098
00:06.7
00:04.4
00028
00018

BaAnswWer
within
Target

49.4%
58.5%
66.6%
T3.4%
79.2%
84.0%
87.9%
91.1%
93.6%
95 5%
96.9%
98.0%
98.7%
99.2%

M2Y¥) N DTN MYN DXYIAPNRN NMMPIN DINK M NN L3.5 PYD YW WPRND NNN 3.6
100YTPIN

.22-25 DTINYA MON¥IN MRNDN Garnett N NPNAA IWNHNYH DONNIVNI

:NANYN
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Average
Queue
Length

6.7
5.8
49
4.0
33
2.6
20
15
1.1
0.7
0.5
0.2
0.2
0.1
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84.0%

823.0%

82.0%

81.0%

80.0%

%Answer within Target

79.0%

78.0%

77.0%

76.0%

%Answer within Target vs. Average Patience

e AN
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10

110 210 310 410 510

Average Patience (secs)

22YY MPT 3 PNON YR MPY 22 NINI VIMN YWTNN PIND NN TnyY NN Sy 3.9

NOY VYINN PIIND AN ININD PHN IITNIYW I TIL PV NN PRYNY DY NAY NINNX NOIWYNHY
NSV NPT 3 PRIV MPY DI ,NYYND ,9mD3 ,57NX N2 PHNIDY NIND PIINIPYY TWaND
NMNPN NN LVIYY DY 6 9N NIMON NNN TOY TYPHN DIPHNI ,NXIAN THIYA .NIIWHNIN

DN YVNPNN DT NN .WTNN PIND NDND 890 MMPYN MIYao bv (hazard rate) No*on

I9TINN DY DMIVNIN DNN IYTNN PIND NDID INKD NIWNN NNOIND

MY 250 YWY AP DY NORID TONN 97y 1PN NIIWNY MYINN 23 ,3.5 PYDI 15 NN
DX OYNININVDPN MPYN TYUN ,MPT 4 DY YSINN DY MONONINIDPN NN NNYADN ,Nyva

MPT45v ynn oy NN
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hazard rate
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Erlang-A: The Garnett Delay-Functions

TN TN

[
N

P{W, > 0} vs. the QOS parameter 3, for varying patience 6/
\ 1,

|

o
|

AN \Q

AL V]

A XA

\ A

N\
N\,

\
RSB
B SYEANY

~
\\
<

P{Wait>0}

/[ /

— Halfin-Whitt — GMR(0.1) GMR(05) —GMR(1) —GMR{2)

—GMR(5) = GMR(10) GMR(20) =—GMR(50) == GMR(100)

GMR(x) describes the asymptotic probability of delay as a function of B when
g

= X. Here, 6 and 1 are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.
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Efficiency-Driven M/M/n+G (ED)

Let v be a QQOS parameter, 0 <y < 1.
Assume G(z) = has a unique solution 2* = G~1(7), at which
glz*) = 0.

Staffing level:

n=R.-(1-7), v>0.

o P{W; >0} = 1.
¢ Abandonment-Probability converges to:
P{Ab} = 7 = 1—1.
e Offered-Wait converges to x*:
E[V] = 2%, vV L o,

e Waiting distribution (asymptotically):

W, & G*, E[W,] — E[min(z*,7)],

where (G* is the distribution of min(z*, 7), namely

G(r), z <az*;
1, i

G*(z) =

23



Quality-Driven M/M/n+G (QD)

Density of patience time at the origin: gy > 0.
Staffing level:
n= R-(1+4), d = 0.

e P{W, > 0} decreases exponentially in n.

e Probability to abandon of delaved customers:
P{AbBIW,; >0} = —-—— - —+0
!

o Average wait of delayed customers:

B, | W, >0 = +. 110 1+a(1).
1

n A n

e Linear relation between P{Ab} and E[I¥]:

P{Ab}
— ™ 0
E[W]
e Asymptotic distribution of wait:
W, t . - A
P >— | W, >0} ~ e 1700 =
{E(S} n| ¢ } R

24



The Erlang-A Queue in the QED-Regime

Theorem (with Garnett & Reiman, 2002)

The following points of view are equivalent:

0. QED: P{W, > 0} = a, for some () < a < 1;
1. Manager: n = R+3VR, for some —oc < 3 < oo;
2. Servers: Occupancy = 1 — A+ T:_
VT
3. Customers: P{Ab} = x;ﬁ for some 0 < v < o0;

in which case

S 7 hp) |
i = ﬂ'{ﬁg}l = ‘1+Jim] s

which we call the Garnett Delay-Function(s);
here 3 2 J\Jg and

v = Q.E- h(B)— 3] .
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Naotation Frobability Function ameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) plk) = Amuﬁra:\r 0<p=1—g<1ln>1 k=0,1,...,n [p-et + g™ np npg
ke i
Multi- o = —al ot 0 < pis i=1hin>1 E(X;) =np; cov(X;, X;) = —npip;
X ~ Mult(n, p) we) mrtm [ 7 <Pl = 0<z;y ‘zi=n ] (Xi) = nps viX: .L PP X; ~ Bin(n, p:)
nomial z = f(z1,...,%Tx) p=(P1,.er Pn) i=1,....k (i 34)
Negative m Number of trials
Batly X ~ NB(m,p) 0<p=1-g<lim>1 E=mm+1,... TFJ. z
Binomial T till m-th success
t
Geometric X ~ G(p) 0<p=<1 k=1,2,... $ W Mqu. X ~ NB(1,p)
Poisson X ~P(A) AZz0 k=0,1,... exp{—A{1 —e*)} A A
. At N — special ments
Hyper- N, M >0, max(0,n — M)} < k n TR WO inary y
P X ~ HG(N, M, n) (k) = ﬁ 1< . et NN M — ordinary ones
geometric 1<n< N4+ M k < min(n, N) n — sample size
k — special in sample
Density Function
B X ~ B 3 1) = 3 <t< C 1i d 3 3 Unifi
~ N: \f ; 2 —_— =8= :
eta eta(o, 3) Clats) jat(y _ ot a, >0 0<t<1 omplicatec =57 Py o= 1 — Uniform
Ta)I(F)
Tz)= [T u*le "da
Gamma, X ~ Gammal(o, A) fit) = Vc.lnﬂ.n|:_ynh a, A >0 t>0 (1—4&) = kY WRM () .Hc
=(xz— 1)z —-1)
AT 1At . t " n n Y
Erlang X ~ Erlang(n, A) fit) = = n=1,2,...:A>0 t>0 T — MU by kel X ~ Gamma(n, A)
Expo- . At At 1 1
X ~ Exp(A) F(t) = Xe A>0 t>0 (1 Hv b . X ~ Gamma(l, A)
nential »
o Fit) = ) @
Normal X ~ Nip, %) —c<p<oe; >0 —oo <t <o mxtﬁwﬁ+wan\w o o
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