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The Erlang-A Queue in the QED-Regime

Theorem (with Garnett & Reiman, 2002)

The following points of view are equivalent:

0. QED: P{W, > 0} = a, for some 0 < a < 1;
1. Manager: n = R+8VR, for some —oo < 3 < o0
2. Servers: Occupancy = 1 — b+,

ﬁ ]

T for some 0 < v < oo;

7

& 1-1
7 h(j)
1+£h@4 |

which we call the Garnett Delay-Function(s);

3. Customers: P{Ab} =

in which case

a = a(B.) =

here 3 £ 3./Z, and

\

EES

10 o
T =an h(B) -] .
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The Erlang-B Queue in the QED-Regime

Recall the Erlang-B Formula:

A B hm n RJ
Ei, 2 P{Blocked} _E/Eg .l

j
Theorem (QED Erlang-B: Jagerman, 1974)

As n — oo, the following 3 statements are equivalent:

1. Customers: E, = %._ for some v = 0;
2. Servers: przl— \T’gﬁ._ for some —oo < 3 < 00;

3. Manager: n ~ R+ 68VR (square-root “staffing”);

in which case

¢o(=B) _ ¢(B)

o(-B)  (B)
where ¢, ®,® and h are the density, cdf, survival function and
hazard rate of N(0, 1) (standard-normal), respectively.

" Note: Servers’ Occupancy = 1—%‘%, accounting for blocking.

v = h(=pB) =

The Erlang-C Queue in the QED-Regime

Theorem (QED Erlang-C; Halfin & Whitt, 1981)

As n — oo, the following 4 statements are equivalent:

0. QED: Eoyp = for some 0 < a < 1;
1. Manager: n~R+BvVR, forsome (<3< oc;

T =L — ] ___-rj_.-
2. Servers: pl vl

1 1
3. Customers: EW, W, > 0| = — - —;
[ L]" q ] \/ﬁ J[LIS
in which case
B ]‘1
a = alf) = |1+ ,
= i

which we call the Halfin-Whitt Delay-Function.

Note: BV R = Safety-Staffing, in analogy to Safety-Stock.
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Serviee Enginecring

Recitation 13: Priority Queues
M/G/1 with priorities

o K customer classes, indexed by k =1,..., K.
e Class k arrivals: Poisson, rate A

e Class k£ service times: S5, - generally distributed, with
my. = E(S;) and E(S?) both finite.

e Setting the priorities: Set highest priorities to 1, then
2,...; lowest to K.

e Assume FCEFS within each priority class.

e Non preemptive first (Later, preemptive-resume).

Steady state < p = o1+ -+ pr < 1, where p. = Apmy.
Convenient notation: pp =p1+---+pp, Ll <k < K.

Note: p; = fraction of time allocated by server to class k.
| — p = idleness/availability.

* E (H’{i‘J - expected waiting time of class £ customer.
*E LL{I}} - expected number of waiting class k customers.
* E(U) - expected unfinished work in the system.

* E(R) - expected residual service time.
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4 N ik s s
Calculation of E(W 7). Non-preemptive regime

. B(W}) = E(R)+mE(L) = E(R) + p E(W})

= E(W})=E(R)/(1 - p)), as before (K = 1).
2. E(W?)=ER+mE(L)+mE(L) +  mME(W)
wait due to elass 1 & 2 in qunu‘; wait due to elass 1.

arriving during wait of 2.
= E(W?)=E(R)+ p E(W])) + ;o EW]) + p  E(W?)
= BE(W7) = [E(R)+p E(W])]/(1—p1 — pa) =
T E(R)/[(1 = p1)(1 — py — pa)]

substitute E{ W,; )

k. EWF=ER+m -EL\+---+my-ELf + \ym;EW} +
o+ Ao EWE

= = ER"‘PIEH’Z: +- - '+P;L-_[E[f'l-’;3"_l—|-{p| 4. '+P},-:|E1’1"r{f

E(R)+ p EW)) 4 -+ pp 1 E(W}T)

E(WF = k=1
W (1—p1—p2—-—pr) B
ER)- |1+ 4 —m 4 Pl
= (Induction) I=p1  (=pn)d L.l (1 —Pr_2){1—pi_1)
1 — o
_ E(R)
(1= pr—1)(1 — )
The last equality can be derived via simple calculations.
. 1 K .
We now show E(R) = 5 3 ARE(SE)
k=1
o 1+ Ci(S) 1
ER)=({1—p)-0+ %:p;l- ST +T3“ =3 %A;\.E[S;}
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I-K )\ E(S2
E(WF) = 2 %1 A E5)) A<k<K.
I—pr— = )d—p1 == p)

q

Calculation of E{I-‘i-"r;"“_l. Preemptive regime

v ouow ooy

E(R)

Now. Class k does not “see” classes k + 1

Recall: for M/G/1-like quenes, E(U) = — — E(W,)
- E(RF) k-1 o

E(WF) = . L

S = () i1 5B T”J ]

j < k—1 preempts k

L.

— E{R_} + Pr—1 [E[I-‘l";f} + 1y

1 — 1
E(R* Pl

Piny n Pr—1 e

EW}) =
o) (I — el —pr—1) 1 — pr—y

k (S, k )
where E(Rf) =% Py - - M = E > AE(SY)
i1 2 2551 !
L i o _
A "_E /}l El‘lblll P.A.'_I
T E 2 =1\ J
E,) (1 —pr_1)(1 = py) 1 — pr—y E(S)
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Probability Function Parameters Support . Expectation Variance Comments
Function
Binomial N ~ Bin(n,p) plk) = Auvﬁ i 0<p=1l-g<1lin>1 k=0,1,...,n [p-e +q" np npq
Multi- (e) = —m— Y p% . E(X;) = np; cov(X;, X;) = —np;
X ~ Mult(n, p) ple) el ! [T;»: oAa;MUr Ti=n (X3) Pi viXi, Xj) PiPi X ~ Bin{(n, p:)
nomial & = Az1,...,0) 1 i=1,...,k (i # )
Negative k1 M ot ™ Number of trials
X ~ NB(m,p) plk) = (o y)p™d" ™™ k=mm+1,... = = =
Binomial m! _v 1-ae ? r till m-th success
t
Geometric X ~ Gip) plk)=q¢""1'-p 0<p<l1 k=1,2,... $ .“_- Mau. X ~ NB(l,p)
. —A Gk
Poisson X ~P(A) plk) = == A>0 k=0,1,... exp{—A(1 —e")} A A
AJVA > v N — special elements
Hyper- ) n N, M > 0; max(0,n— M) <k Tp—
Yp X ~HG(N,M,n) plk) = k Ty & x( )< M . n__.(ﬁﬁi M 0...“_5“«..“.. ones
geometric N 1<n< N+ M k < min(n, N) k n — sample size
k — special in sample
Density Function
B X ~B 3 7o = 3 <1< Complicated 2 o8 3 Unif
~ Beta(a, / ¥, M i 2 —_— == i
eta eta(a, 3) Llat8) ja HC IJE . a,d =0 0<t<1 omplicatec =17 arp)(athtl) = | 1 — Uniform
Clo)CE)
Tiz)= [T u® e "da
Gamma X ~ Gamma(a, A) flt) = b?lnﬂ.hlcuu_nh a, A >0 t>0 (1—4%)= * wnmu () .-ﬁc
=(x— 1Tz —1)
aAmt.gn—1,—At . t " n n y
Erlang X ~ Erlang(n, A) flt) = TR n=12...;A>0 t>0 A_ — Hv * v X ~ Gamma(n, A)
Expo- X B 3 ) — Ae— Mt A0 t>0 1 ¢y 1 1 1 X ~ Qs all, A
nential ~ Expid) () = Ae > = ﬁ Hv by 2 ~ Gammal(l, A)
. 1) = 2 s .
Normal X~ N(p,o=) —oo<p<oo; o=0 —o < < oo exp ﬁmﬁ + W‘u_ﬂlw m o
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