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Derivation of Khintchine-Pollaczek

For customer n = 1.2. ..., denote

W,(n) = waiting-time of n-th customer.
R(n) = residual service time, at time of the n-th arrival;
(= 0,for arrivals without waiting).
L,(n) = # of customers in queue, at time of n-th arrival.
{Sn} = sequence of service-times.
i n—1
Wyn)= Rn)+ X Sk. n>1.

k=n—Lg4(n)
EW,(n)= ER(n)+ E(S))- EL,(n) . by Wald.

E(W, = E(R)+ E(S)E(L,) , n | oo, assuming
J limit + PASTA,

E(R) + AE(S))E(W,), by Little,
E(W, = E(R)+pE(W,) . p < 1 & 3 steady-state,
BOV,) = B(R)J(1 - p).

Left to calculate E[R]?
Via Biased Sampling (see next page):

- p = Prob. of arriving to a busy server. (PASTA+Little)

1+ C*(S)
—

-ER)=(1=p)-0+p-E(S5)- q.e.d.
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Serviee Engincering

Recitation 13: Priority Queues
M/G/1 with priorities

o K customer classes, indexed bv k=1,..., K.
e Class k arrivals: Poisson. rate Ap.

e Class k service times: 5, - generally distributed, with
my. = E(S;) and E[SE;I both fnite.

e Setting the priorities: Set highest priorities to 1, then
2,...; lowest to K.

e Assume FCEFS within each priority class,

e Non preemptive first (Later, preemptive-resume).

Steady state < p 2 o1+ -+ pr < 1, where p. = Apmy.
Convenient notation: pp =p1+---+pp, 1 <k < K.

Note: pp = fraction of time allocated by server to class k.
| — p = idleness/availability.

*E HVJ‘J - expected waiting time of class k customer.
*E [Lf}} - expected number of waiting class k customers.
* E(U) - expected unfinished work in the system.

* E(R) - expected residual service time.
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Calculation of E{H-";"L Non-preemptive regime

L. E(W!)=E(R)+mE(L) = E(R)+ pE(W])
= E(W}) = Efﬂ]f[l — p1) , as before (K = 1),
2. E{EL J' = R)+mE L }—|— ?J‘ME{L T”l)'lIEH‘I;jj

wait due to 011.51. I & %in quoue wait due to elass 1.
arriving during wait of 2.

= E(W})= E(R) + p E(W}) + pE(W]) + p  E(W)
= E(W?) [E )+ o E(WH/(1 = pr — po) =
R)/[(1 = p1)(1 = p1 — pa)]

substitute F{ I'Ji’rti'] )

k. EWr=ER+m-EL +---+my- EL}+ \im, EW} +
4 Ay EWF

= = ER+p EW/+- - +pp | EW[™ +(p+- - +pp) EW]

E(R)+pE(W)) + -+ pp  E(WF)

E(WF) = k=1
W fl—m—ﬁu = pr) B
ER)- |1+ 4 —&2—  —Ffd
— (Induction) l-p1 "~ (1=p1)(1 rr) (1—pp_a)(1—pp_1)
1 — pi
. E(R)
(1= pr—1)(1 — pr)
The last equality can be derived via simple calculations.
) 1 K 9,
We now show E(R) = 5 S OARE(SE)
k=1
o L+Cis) 1 :
E(Ry=(1—p) -0+ X pr-mp- %“” =3 Y M E(S7)
k B

(S
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I K 3

— | E(WF) = :
(1—pr—-—pe)ll —pr— - — py)

q

Calculation of E{I-‘r"r;‘"_l. Preemptive regime

Now. Class k does not “see” classes kK + 1

E(R
Recall: for M/G/1-like quenes, E(U) 2 = E{(W,)

L=p
, E(R") k-1 R
E(W}) = ' S\ my[E(W) .
S L —(pr -+ pr) = iyl EVG) +my
j < k — 1 preempts k
L.
= E{R_} + Pr—1 [EH-‘I-"';'} + iy
1 — P
. E(R* O
E[I-‘I-*"j‘ P (£") ] PL_J .
(1— )l —pe—1) 1 — pr_
,A,' _:r? '|. ,f; ;
where E(F"y =% [IRRUTE M = E > ANE(S?)
l b o2y _
I STTAENS?) Pi—1 .
Ey) (I —=pe—t )L —p) 1= pr—y BASH)

A<kE< K.
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Length of stay

patient_id entry_date exit_date duration (sec) flag |
4 27/05/2010 1:14:07 PM 27/05/2010 1:15:00 PM 53 0
67 27/05/2010 1:08:27 PM 27/05/2010 1:15:00 PM 394 0
73 27/05/2010 11:33:55 AM 27/05/2010 11:40:58 AM 423 1
18 27/05/2010 1:07:54 PM 27/05/2010 1:15:00 PM 427 0
33 27/05/2010 12:05:50 PM 27/05/2010 12:13:12 PM 442 1
15 27/05/2010 1:07:15 PM 27/05/2010 1:15:00 PM 466 0
35 27/05/2010 11:31:48 AM 27/05/2010 11:40:50 AM 543 1
17 27/05/2010 1:03:31 PM 27/05/2010 1:15:00 PM 690 0
16 27/05/2010 11:18:19 AM 27/05/2010 11:31:04 AM 766 1
57 27/05/2010 12:59:41 PM 27/05/2010 1:14:00 PM 860 1
10 27/05/2010 12:23:32 PM 27/05/2010 12:38:23 PM 891 1
37 27/05/2010 12:59:21 PM 27/05/2010 1:15:00 PM 940 0
22 27/05/2010 12:04:31 PM 27/05/2010 12:20:40 PM 970 1
37 27/05/2010 11:31:50 AM 27/05/2010 11:48:18 AM 988 1
43 27/05/2010 12:58:21 PM 27/05/2010 1:15:00 PM 1000 0
31 27/05/2010 12:37:57 PM 27/05/2010 12:54:51 PM 1014 1
66 27/05/2010 11:23:17 AM 27/05/2010 11:42:39 AM 1162 1
28 27/05/2010 11:21:34 AM 27/05/2010 11:41:06 AM 1172 1
60 27/05/2010 12:27:12 PM 27/05/2010 12:48:41 PM 1288 1
12 27/05/2010 12:12:47 PM 27/05/2010 12:35:33 PM 1365 1
36 27/05/2010 12:06:23 PM 27/05/2010 12:29:30 PM 1387 1
40 27/05/2010 12:09:33 PM 27/05/2010 12:35:23 PM 1551 1
57 27/05/2010 11:32:02 AM 27/05/2010 11:58:31 AM 1589 1
52 27/05/2010 11:21:29 AM 27/05/2010 11:50:49 AM 1761 1
44 27/05/2010 11:21:25 AM 27/05/2010 11:52:30 AM 1865 1
6 27/05/2010 12:02:02 PM 27/05/2010 12:33:10 PM 1868 1
29 27/05/2010 12:21:06 PM 27/05/2010 12:54:29 PM 2003 1
21 27/05/2010 12:01:16 PM 27/05/2010 12:37:16 PM 2160 1
25 27/05/2010 12:27:35 PM 27/05/2010 1:07:28 PM 2394 1
22 27/05/2010 12:27:37 PM 27/05/2010 1:15:00 PM 2844 0
32 27/05/2010 11:27:11 AM 27/05/2010 12:15:17 PM 2887 1
31 27/05/2010 11:40:54 AM 27/05/2010 12:30:16 PM 2962 1
53 27/05/2010 12:24:26 PM 27/05/2010 1:15:00 PM 3035 0
71 27/05/2010 12:20:55 PM 27/05/2010 1:15:00 PM 3246 0
49 27/05/2010 12:20:36 PM 27/05/2010 1:15:00 PM 3264 0
52 27/05/2010 12:10:07 PM 27/05/2010 1:07:28 PM 3441 1
65 27/05/2010 12:17:38 PM 27/05/2010 1:15:00 PM 3442 0
8 27/05/2010 11:37:15 AM 27/05/2010 12:40:17 PM 3783 1
63 27/05/2010 12:10:04 PM 27/05/2010 1:15:00 PM 3896 0
27 27/05/2010 12:06:53 PM 27/05/2010 1:15:00 PM 4088 0
46 27/05/2010 12:03:56 PM 27/05/2010 1:15:00 PM 4265 0
75 27/05/2010 11:29:21 AM 27/05/2010 12:41:00 PM 4299 1
74 27/05/2010 12:03:19 PM 27/05/2010 1:15:00 PM 4302 0
19 27/05/2010 12:01:58 PM 27/05/2010 1:15:00 PM 4383 0
64 27/05/2010 11:30:29 AM 27/05/2010 12:43:38 PM 4389 1
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Length of stay

patient_id entry_date exit_date duration (sec) flag |
20 27/05/2010 11:37:21 AM 27/05/2010 12:57:02 PM 4781 1
69 27/05/2010 11:23:07 AM 27/05/2010 1:15:00 PM 6714 0
48 27/05/2010 11:19:47 AM 27/05/2010 1:15:00 PM 6914 0

Summary of the Number of Censored and
Uncensored Values

Percent
Total [Uncensored [Censored |Censored
48 29 19 39.58
Mean Length of Stay Mean Median
(Minute) Standard
Error
44 .91 4.2605 36

.Duration Ry 5w y¥1mnn XN 1 1920 PAYN YAT YSIN : NIYN
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Survival Function
Kaplan-Meier Survival Estimates
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P{Wait>0}

[/

Erlang-A: P{Wait>0}=a vs. B (N=R+BVR)
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— Halfin-Whitt =——GMR(0.1) GMR(0.5) =—=GMR(1) —GMR(2)

—GMR(5) ——GMR(10) GMR(20) =——GMR(50) =—GMR(100)

GMR(x) describes the asymptotic probability of delay as a function of § when
% = X. Here, 6 and p are the abandonment and service rate, respectively.
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n,p) plk) = Amvﬁraalr 0<p=1—g<lin>1 k=0,1,...,n [p-e* +ql™ np npyg
k_ay k
Multi- o =l 3, " 0 < pi; i =1in>1 X E(X:) =np; cov(X;, Xj)=—n i
_ X ~ Mult{n, p) #(=) el | BE2 <pid e = 0<ziy  mi=n (Xi) = npi v(Xi, X;) TR X; ~ Bin(n, p;)
nomial r = (Z1,...,%w) p=(P1yosPu) i=1,...,k (i # 7]
Negative ) ot ™ Number of trials
g X ~ NB(m,p) plk) = (a2y)pm et 0<p=1—g<lim>1 k=mm+1,... Tqu_ z mg
Binomial ae P till m-th success
Geometric X ~ Gip) (k) = ¢*~ 1. p 0<p<i k=1,2 pee! i ;] X ~ NB(1,p)
1€ et p TP plk) = ¢ T <p= s =1,2,... Tt M T p Ji s
—A Lk
Poisson X ~P(A) plk) = =2A= A0 k=0,1,... exp{—A(1 —e')} A A
ﬁzv A M v N — special elements
Hyper- k) ln—k , M =0 max(0,n — M) < k inarv :
yYp X ~ HG(N, M, n) plk) = ALk H ( 1< Mr_ n__.,mﬁﬁ_f M o..n_d:n:.uu ones
geometric _ .”,_. - 1<n< N+ M k < min(n, N) n — sample size
k — special in sample
Density Function
fit) = . o ag .
Beta X ~ Beta(a, 3) Las) (o 1 gy a,3 >0 0<t<1 Complicated ] auﬂ_a a = =1 — Uniform
Tlai5)
a a1, =Xt -
Gamma X ~ Gamma(a, A) fit) = rnﬂn| a A >0 t>0 (1— %)= by wnm
angn—1_—Xt ¢ n .
Erlang X ~ Erlang(n, A} Flgy = ATt e n=1,2,...;A>0 t>0 C - wv kS & X ~ Gamma(n, A}
Expo- . At £y 1 1
X ~ Exp(A) F(t) = Ae A0 t>0 (1-%) i 4 X ~ Gamma(l, A)
nential A
Normal X ~ N(p, o) —oo < p<og >0 —oc <t <o mﬁ._ﬁmﬁu“wwma.wuw I o2

fit)
e {2
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