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W: Average Waiting Time, Retail, August 16"’, 2001; US Bank
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16 August 2001
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L: Average Queue Length, Retail, August 16"‘, 2001; US Bank
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Theoretical Calculation and Statistical Estimation
of Hazard Rate

Example: consider the following serviee time distribution:

exp|1/2)

y
exp(1/3) \
0.3
I]'.ll exp(1/5)

Its hazard rate can be caleulated theoretically:

.i'i:.l: rj _ 0.15. e=*/% + (29.-5['_]) . e—l'a":] —0E. e"T/2
T DR e A 145 e tE 12, /2

How do we estimate hazard rate from data?

Description of simulation experiment.

10,000 independent realizations of service time above were simulated in Exeel. The theoretical
hazard rates were plotted and compared against estimates of the hazard rate, based on the

simulation data. (The method used for hazard rate estimation is deseribed on the next page.)
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call_id q start | g exit |ser start| ser exit | outcome| wait time | service time Agent
510013309] 06:23:00 | 06:23:07 | 06:23:08 | 06:25:01 | Agent 7 113 23015
510013355] 06:23:19 ] 06:24:30 | 06:24:31 | 06:24:51| Agent 71 20 23007
510013559] 06:24:52 | 06:24:52 | 06:24:52 | 06:26:57 | Agent 0 125 23007
510013814] 06:26:32 | 06:26:33 | 06:26:33 | 06:27:27 | Agent 1 54 23015
510013830] 06:26:356 | 06:26:38 | 00:00:00 | 00:00:00 | Abandon 2 0 0
510013871] 06:26:47 | 06:26:57 | 06:26:58 | 06:28:45| Agent 10 107 23007
510014006] 06:27:53 | 06:27:53 | 06:27:53 | 06:29:46| Agent 0 113 23015
510014071] 06:28:15 ] 068:28:45 | 06:28:45 | 06:29:04| Agent 30 18 23007
510014116] 06:28:35 ] 06:29:04 | 06:29:05 ] 06:30:31| Agent 29 86 23007
510014132]| 06:28:43 | 06:29:46 | 06:29:47 | 06:31:27 | Agent 53 100 23015
510014196] 06:29:05 ] 06:30:31 | 06:30:32 | 06:34:32| Agent 86 240 23007
510014425] 06:30:38 | 06:31:27 | 06:31:27 | 06:34:31| Agent 49 184 23015
510014578] 06:31:32 | 06:34:31 | 06:34:32| 06:35:54| Agent 179 82 23015
510014674] 06:32:06 | 06:34:32 | 06:34:33 | 06:37:04| Agent 146 151 23007
510014702] 06:32:18 | 06:33:00 | 00:00:00 | 00:00:00 | Abandon 42 0 0
510014712] 06:32:26 | 06:35:54 | 06:35:55 | 06:37:37| Agent 208 102 23015
510014750] 06:32:37 | 06:36:08 | 06:36:09 | 06:47:58 | Agent 211 709 23041
510014927 06:33:45 | 06:37:04 | 06:37:05| 06:43:49| Agent 198 404 23007
510015175] 06:35:19 | 06:36:04 | 00:00:00 | 00:00:00 | Abandon 45 0 0
510015368| 06:36:28 | 06:37:37 | 06:37:38 | 06:39:53 | Agent 69 135 23015
510015393] 06:36:35 | 06:37:54 | 00:00:00 | 00:00:00 | Abandon 79 0 0
510015405] 06:36:39 | 06:39:53 | 06:39:54 | 06:51:04| Agent 194 670 23015
510015441] 06:36:55 ] 06:43:49 | 06:43:50 | 06:45:58 | Agent 414 128 23007
510015539] 06:37:41 | 06:45:58 | 06:45:59 | 06:47:44| Agent 497 105 23007
510015752] 06:38:54 | 06:39:14 | 00:00:00 | 00:00:00 | Abandon 20 0 0
510015802] 06:39:13 | 06:40:31 | 00:00:00 | 00:00:00 | Abandon 78 0 0
510016057] 06:40:42 | 06:40:59 | 00:00:00 | 00:00:00 | Abandon 17 0 0
510016208] 06:41:35 | 06:47:44 | 06:47:.45| 06:51:29| Agent 368 224 23007
510016446] 06:42:556 | 06:47:58 | 06:47:59 | 06:48:31| Agent 302 32 23041
510016552] 06:43:35 | 06:45:36 | 00:00:00 | 00:00:00 | Abandon 121 0 0
510016619] 06:44:02 | 06:48:31 | 06:48:32 | 06:50:56 | Agent 269 144 23041
510016625] 06:44:05 | 06:46:13 | 00:00:00 | 00:00:00 | Abandon 128 0 0
510016700] 06:44:32 | 06:50:56 | 06:50:57 | 06:56:20| Agent 384 323 23041
510016708] 06:44:36 ] 06:51:04 | 06:51:05] 06:53:01| Agent 388 116 23015
510016925] 06:45:53 | 06:51:29 | 06:51:30 | 06:53.14| Agent 336 104 23007
510017302] 06:48:04 | 06:53:01 | 06:53:02 | 06:54:12| Agent 297 70 23015
510017389] 06:48:31 | 06:49:30 | 00:00:00 | 00:00:00 | Abandon 59 0 0
510017423] 06:48:42 | 06:53:14 | 06:53:14 | 06:54.56 | Agent 272 102 23007
510017606] 06:49:55 | 06:54:12 | 06:54:12 | 06:55:49| Agent 257 97 23015
510017636] 06:50:03 | 06:51:57 | 00:00:00 | 00:00:00 | Abandon 114 0 0
510017717] 06:50:38 | 06:54:56 | 06:54:57 | 06:56:50 | Agent 258 113 23007
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time ArT_sys Dep sys Arr q Dep q Arr_ser Dep ser
06:15 6 6 6 6 5 5
06:16 6 6 6 6 5 g
06:17 6 6 6 6 5 5
06:18 6 6 8 6 5 5
06:19 7 6 7 7 6 5
0620 7 6 7 7 6 5
06:21 7 6 7 7 6 5
06:22 8 6 8 8 7 g
06:23 9 6 9 9 8 5
0624 11 7 11 10 9 6
06:25 12 9 12 12 11 8
0626 12 10 12 12 11 9
06.27 15 12 15 15 13 10
06:28 16 13 16 18 14 11
06:29 19 14 19 17 15 12
06:30 20 16 20 19 17 14
06:31 21 17 21 20 18 15
06:32 22 18 22 21 19 16
06:33 26 18 26 21 19 18
06:34 27 19 2F 22 19 16
06:35 27 21 27 24 21 18
06:36 28 22 28 25 22 19
06:37 32 24 32 27 23 20
06:38 33 27 33 30 25 22
06:39 34 27 34 30 25 22
06:40 35 29 35 32 26 23
06:41 36 31 36 34 26 23
06:42 37 31 37 34 26 23
06:43 38 31 38 34 26 23
06:44 39 32 39 35 27 24
06:45 43 32 43 35 27 24
06:46 44 34 44 37 28 25
0647 44 35 44 38 28 25
06:48 44 37 44 40 30 27
06:49 47 38 47 41 31 28
06:50 48 39 48 42 31 28
06:51 51 40 51 43 32 29
06:52 53 43 53 46 34 31
06:53 54 43 54 46 34 31
06:54 54 45 54 48 36 33
0655 54 47 54 50 38 35
0656 56 49 56 52 39 36
06:57 59 52 59 55 41 38
06:58 59 53 59 56 42 39
06:59 60 54 60 57 43 40
07:00 60 55 60 59 44 40
07:01 62 57 62 62 48 41
07:02 64 57 64 64 48 41
07:03 70 62 70 68 51 45
07:.04 70 63 70 70 53 45
07:05 71 65 71 71 54 48
07.06 74 67 74 74 57 50
07:.07 79 69 79 78 61 52
07:08 80 72 80 80 63 55
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i File 0] Statistical Analysis " [ Tools ) Help
Warisbles | Dptions " Select Categaries "  Properties | DE Tables
| Select by Dictionaries
WYariable x Type Yariable Typs Category Subcategory #y Calendar
Agents online Instants Counts service
Agent status Instants Counts service agar_events —
Calls in Service Instants Counts service
Calls in System Instants Counts service
Calls in Queve: Instants Counts service Varisbles
WRU time (offered) Duration FRielative frequencies % service
Arivals to queue Time periods Counts service
Abandons Time periods Counts SBIvice Procedures
Abandans proportion Time periods Rate service
Shart sbandors Tirme pefiods Counts service
Short abandons proprtion Time pariods Rate service Dates >
Other unhandled Tirme pefiods Counts service
Other unhandled rate Tirme pefiods Rate service
Unhandled Tirme pefiods Counts service
Unbandled proportion Time periods Rate service
Average wai tmefal) Time periods Means service
Average wai timefwailing) Time periods Means service
Customers in queue(aversge] Time periods Counts service
Primary arivals to queue Time periods Counts service
Anivals to service Tirme pefiods Counts service o)
Average service time Time periods Means service
Served without walting Time periods Rate service
Customers in service{average] Time periods Counts service
Customer service time Duration Relative frequencies % service service_termination
Shift duration Duration Relative frequencies % service New Model
Agent ertiies Time periods Counts service
Agent exits Time periods Counts service -
VAU only time Duration Relative frequencies % ~
StatusBarl
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DB Tables
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Calendar
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Days type
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New Model
0K
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‘1 4CallCenters v2.23

Performance Frofiler

Profiler

File Table Settings Help

Staffing Query

Your Call Center's Parameters

Advanced Profiling

Advanced Queries

A4CC ndomn by voan

What-if Ahalysis

Performance performance Profiler allows you to determine and optimize the Performance Level of your Call Center. Enter your call center's parameters helow, then
press 'Compute’.

Settings
*  Number of Agents Answering Calls a0 ®  Features: Ahandons
*  yerage Time to Handle One Call imm:ss) 20:00 #® Basic Interval: B0 minutes
*  Calls per 60 minute Interval 160 *  Target Time: 00:00 {mm:ss)
¢ syverage Callers' Patience (mmiss) 20:00 Change Settings
Compute € Addto Table Delete Rows Clear All ‘ Export ‘ I Graph l:l
; Settings
Basic Target Average . Average  %Answer  Average =~
Interval Timet dmber of Handling Calls per  Averade AURNYS g s swer %ABandon Speed of  within Queue [
; Agents ] Interval Patience Qccupancy
{minutes)  Answer Time Answer Target Length Paratneters
Results 60.0 00:00.0 50.0 20:00.0 160.0 20:00.0 497.0% 90.9% 9.1% 01:47.7 30.6% 4.8 l:l
! Indicators
2 -
Ready 10/13/2009 2:20 FM
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E[L,] 438
E = 9= =" =0.03hour =1.8min =108sec
[\Nq] A 160
E E
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.D>10WINN DMININD 90N YXINHD NN INNY .3.4.2

:DAVN

L =Np=50*%0.97=48.7

service

2NN DX VLIV MNIPD DY MNNNN PIT YINND IR INNY .3.4.3

:D2WN
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— %
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18




TIN5 99INY DD NPAYTH NIVN NN HTIIRD NNVLY) NINNT DINN MK DIPTHID ONMN TNI.3.5

.DONIVN 120N DWW MMPON MIDIAD NMN D NIIWNN MDPN) MHNYN

:02VN
e A(1—P(Abandon))
N p
OV DMNN MDIXI 192 TN DOWLNN NN NV MNIPYN NNV TYNRD : 120D

MY NN OMNN MDON) : NN

955" SY MPY NN TY TN ,NNNIDN NN INPYY DMININD MTHY 190N NN WMIAPY NIVNI
NINTY,NINN2 DMINN DINSID IV NN MPY 0Y92P1 80% NINGD ,NMNT) 7O NNN 20% INPN
DY DOYWNIN NN NIIVNA NP> NN MIAPS MDIY LY ,NIIYNN DY OMONND (NN MNNN KOD
LDMNNY MTHY 50 N2 MPY ONX DN MHINNI MIPY NN RN ,DININ DNONIND NWN THN Hda

NN MYNYY YON»NN 0ONAIVNA

(O ONIY) NYWA MNP 90 MMPY YOI AP : NIIWNN DY NXIND NP - /R YWININ 3.6

.0oNY IR 18N NN Nowe (ED,QD,QED) »»yan oynn XA L3.6.1

:DAVN

.QD -n DNN2 Yyan Nownn ,(Op D) NYWS MMPY 90 XN YOI a8PY ,MTHIY 50 MNN2 ON

50:93—0+ﬂ /?:ﬁ:3.65

19




D DXIONNNN DX9NN NITYL IN,D12IYN DINNYL NN 12 113 IWAN DIND YINND NN .3.6.2
.NONUN

:DVN
MY ,(D97)1 79 DY) MYOVY PR MDVPON , T DNYI MNMPYNIN 100% -3 N MIWon DINNA
(57N NYONY) NN TIND NINN DINNIND

_ A(1-P(Abandon)) 90*(1-0) _
N u 50*3

5S¢ NYPYN TY MHIVYND ODMVIND (DIDIND MTHY 190) YPNN 1NN ,WININD NN DNN .3.6.3
IRV NDA DINNINNA D92 WHNYN 10°NNN 20%

:DAVN

MvIN Y, £ =0.8 -2 vnnwnd v 1t 9195y ,GMR(1) 992 wnnw) ,00001 20% -9 Y)Y »1

(N _0. 8/30 = 34. 38] LDMOIN MTHY 35 MINNa

MMPY 240 — MNP YOI ANP : NDINND 92y NNISN NIIWNM NN MY INND - 72 YININ.3.7
(M2) o) Nywa

.05NY P Y1200 NNN No (ED,QD,QED) »Ywan ownn nvNa .3.7.1

:DAVN

.ED -n ©nn2 5yan noaynn ,(0mny 0) NYWO MMpo 240 XN yomn a8p) ,mTny 50 mNN2 oN

_240 5290 5 335

20




D DXANINN DN NITYA N DXIYINT DIPNNIYVL NN 12D 111 I2IWON DINN PINND NN .3.7.2
.NONUN

: VN
, P(AD) = ¥ M2 ©owonn HiNk, (97310 %95) pPNNnG 0wy mmMponmn 100% 1N N IDIYeN DiNna

N
TPNN OMININRN MDINN ,NYOVI 37.5% N ¥ = I_E :1—ﬂ =0.375 995 N =R(1—-y)wn5

_ A(1-P(Abandon)) _ 240*(1—0.375)
P N z 50*3

=1 nma

S5Y NYPYN TY MHIVYND ODMVIND (DININD MTHY 190) YPNRN 1NN ,WININD NN DNN .3.7.3
IRV NOA D9INNA D92 WHNYN 10°NNN 20%

:DAVN

99, £ =0.8 -2 vnnwno v Nt 995y ,GMR(1) 9952 wnnw) 7151 02NNN 20% -2 YN T

(N = ? + 0.8\/% =87. 15) LDMIN MTHY 88 NMINHA NIV

21




%Abandon

ANPY NIIWNN NN YOIV MNPON DINK P IWPN ININD TINYN TYNNL WD a8 MMPY 912
2 5% M®apa 60 -5 40 2 NINWNN DMINN MTHY 19010 MNIAY ,¥NN

%Abandon vs. Calls per Interval for various Number of Agents

40.0%

10.0% // // // ///%

5.0%

100 105 110 115 120 125 130 135 140 145 150 155 160 165 170 175 180 185 190 195 200

Calls per Interval

NINPA 120N .92 NV I NI NINY 29D TND PNINON NN NIRNNDD IMPY 9NN DY 1IN 3.8
PIPYN NI 19T MTIPIN NN PIINND NN

-NAVN

0N N2 MTIPI P2 92N 1N ,NXONTY .NANT (NIYW) DMINN I YXINN OMYN 1N2Y MITIPI P2 92N

A
MY MMPY NT, 1 =3 customers per hour Ix N—:l D 700 .1 -9 Y MW 19 YN
Y7

A
NN PN TNIRY NNT NIY SY OMYNY MINY MDD [, NTIV N NMIPY D DN PN N 3 o»pmn

570 DY DHONYN MPYN

22



VAP INNX DMNNN NIDUN NNNNA (YOINN ANP) YIPIANY IR DDA ORI MOIWN DY 1PoIN.3.9
DMIPNY YOIMNMDI NN TV NDW HHD NN NN TONNI MNWND 92NDN NON DN TIIND
ON

: D2WN
qwuno, N =R(t)+ B4/R(t) XN 1212 nMRNWn Mownd DIRNND \12WN 59

A2 "onn offered-load -n XN R(t) = E[S]E[A(t-S,)]

JNANN ANY NN 0NN ON 79 (3.10-3.12) OININ DIDYON DY 1Y

M7 MINN NINBN ,NT 2DV .1ONDY DD DMNN NIOYN NIIWN NV/NA DOPNY DN MY 1OVl
TONN ,IIND .NINK MINNA ONMN PINNY 195V, NNN NINNT DMINN DIPIVNN NIMPOY YN >an7a
INNY DX MMPY 1AW A8HD D) 191 11D NIIYHN SVNIVIN JIPINA KN DMINNRN NN NIV
MPY WP DY) NTHY MONNY TY PNNNY TIN NI NMIPY .MDIDN MITHYN D IR ,MNND DMNN

DINN NN PINX DX PINND MDIY IN (DMINN NIV NNV

571N DXNIYN 90N DNMN) ,NINK NTHYL 5" DN NNN NTHYL YIOWVINY DMINNRY NYIND

NTHYA ¥ DX MNAM DMNN PR NTHYL ONX 7PIDY” NIY .MNNA DMNND NIDVN MTHY 190N
NTNY N2 DMMNNX PR N2 MINND DOWINT MMPOY DXNMN NN ,OTIP 1D .NIDUND NS DMINN
,DONIN NN .(NIY NNONND 1NN ,INIDI) NINNY DINNN NYIND 1IN L(DOPIDY DINIVN DI ,90DD)
DONMN NN ,GONA. 6 VNS DY Y2IYN NN NIY DITNRD MNP NV MMPIN NNIYAD D ,0PD
DNNDAD YPANY TY ,MNNA NTRY NMIANNY 1NN ,MOIdN MTHYN DI N MINND DIWINN NIMPOY
173 NTYA DYTNRO NN NYANN NT A¥N2 MMPYN NNDA0 D) 73 19Y OINMN NN .NINK MINND 112YN

.M OVNXID DY IDIYN

23



MW SW MDY JAT YSINND AN TINNRD INY 1N T8 .3.10

:DVN
NINY2 3 DTHYY ONYDD DMNN NN TV DTHIYNN DINNND NNOX P2 YN DX NTHY DI Ty
AT NNDONN DY DXIVNINN NN TIINRDY VNVPYIN MINT NNOINN NN PITAD 11 DX DM

NN DY PON NONY NNX MNN NVNHN NN ITHNY ,INNX NN NNMY DY POIN PTIN .3.11
DMNDA NN NN Y0 YXIAN DTN DY 92YNN YANP NHDNYT NN 1IN .TPNPY HOoN
: DONIN
.MNNY DN POVNY DINIYW MNIPY NN AP — A
INND OMNN PINND DINIVW NMINPY NYIN ANP - 1
LDMNN NIOVYNY NN MNMPY NYLVI AP -0
.D9N NITNNT NN MMPY NYIVI ASP - N
.MNN2 MPWN MTHY 1900 — N
NINNY DRNN D5 asn . {...,-2,-1,0,1,2,...} 28910 2N DY NTD PYIN PTHINT 1) : 99

DN MTNRYN DI TWRD DMINN

NYn
7900 WwHWN L Hw o iy qund 0790w 039y 03 9apY HOPY 1O NoIYNa MIMPON 1900 L NN T
MNPY ,MINDND MTAYN D AUNRD .(MIDND MTHYN 190N IR) DMNN NINNY NN DX1PNNNT MNIPIN
3,25 DWH V) 1L AXPA DIWIN DMINK PINNY DIXITYW MNPV NN A 282 YN DIOWNRN PIVND DIXIWY

DNNNIY MNMPY .(MNNN 28N NN NI AP DMNND NITNN ANP ,TIND A9YT) NIIWHNN 1THY NPON
¥ A% ;N2 OMNKN NN PINNY MDIVI NINK MNNY YD OXVYONN BN DX NITNNN NN NN OOWLN NIINND

Y 2D NI ;7NND20N BNY NN ONX NITNNN NN IR DY NIDYND DIPNNNRY MNP .N AP NP M

.0 aspannp
A+2n A+n A A A A A A
HEONONO G@ --
i i i i # B pto p+20

24




NN DOINY 933 PPTA IRN TN 1PA0N (DN ANND ¥IN) OTHIN NIIWNNY MIXIND ) .3.12
12 OVIBN NIPNY L, TPVPIVON N TENN NNIVONNN DY N ANNND MIXNYND PNIND

u=0,1=n

32 24 A A A M A A
RoRONO Q@
i B i i " B 2 3

:DAVN

NN NN 1 =6,4 =1 11>0790 NIpNa

:(DINNN NVIY 29D) 1N 2N 2NN MIRNYN

7T :L-”m :(ﬁjl#-
A(1-1) A) (1-1)!

ﬂ/ (AJHI
T =—T=|— 7o
H H

/1 (/Ijlﬂ
Tin =" o KT T .
p#(1—N+2) u)

Zﬂ'iZI

- N +2)!

(1-0D)Ar, = ur,, —0<i<0
Arm; = urm,,, 0<i<N
Am,=(1—-N+2)ur,,, N<i<oo

2=

MXNYND DX 9T

T, —0<i<(
0<i<N

! T, N <i<o

PN

25



,Erlang-A 5715 1T nIvav 100 T81 MIRIVIY VDY DY NN NOIY NP NDN 7PIN NOIWVHN
N2 W N1 OVIY MIPND (POIRY TRYN NY NIVIVYNIY TID NNT MELOLVINY NPI) N> NNNYIY
TN ,TPIVNIN DX ANND NNDANT OY TN DY TONN INT 15702 .TPNDNID DX ANN NNOINN
MYLIN) PNONRID X AxN NNZaNN W NPV Erlang-A 51 Sv nwavwd #noan” nawav HNnY

APOPNR DN GRYN KD NIWIYNY TID MNIN NY NIPN2

£(DYINNN NVYW ab) N DN 2NN MNNWN Y9HN NIPNI
(A—In)x, = ur;,, —0<i<0
Ar, = ur;,, 0<i<N

Am;=(u+({A—-N+DO)x

Z/Z’iZI

N <i<ow

i+1

MINNYNN NN ITO)

—7T, —0<i<0

i+l

/1 ﬂ i+1-N 2/ )
i = . = H : 7y, N<I<oo
u+(A—-N+1)6 Y7, ia M+ (J-N+1)o
=R

I N-1 i+ N i-N -
T, = 1+Z /Ilu' + (ij +Z(ij H - A
i—w jo1 AT S0\ M i-N \ M o u+(J-N+1o

26




Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/p.

|
\

b

R
1\
\
\
\

AViwi

N

\
N

"

=
\\
X

P{W ait>0}
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[/

\
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3 25 0 3
B
— Halfin-Whitt — GMR(0.1) GMR(05) —GMR(1}) —GMR()
—GMR(5) =——GMR(10) GMR(20) =——GMR(50) = CGMR(100)

GMR(x) describes the asymptotic probability of delay as a function of B when
0

= Xx. Here, 8 and 1 are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.
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Erlang-A: % Abandonment

%Ab x /n vs. 3, for varying

Fatimn

im)patience (0 /p):

® o© o

S

O TS Y O V' TR/ R

® ©® O

P{Abandon} * JN

o M

o.
3 25 2 45 1 05 0 05 1 15 2 25 3
P
—GMR(01) —GMR(0.5) GMR(1) —GMR(2) —GMR()
—GMR(10) —GMR(20) GMR(50) GMR(100)

Note the behavior like —3/+/n, for (relatively) large negative g
and over all (im)patience levels. For an explanation, think ED:

n—=R+BVR—=R—~R; hence y =~ —3/vVR ~ —f/+/n, and v
is P{Ab} in the ED-Regime.
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»95 ,PASTA n»on natya (Biased Sampling) 7o nmnx” mMNSIN NN DY) NY Tinya

.NN21 NNV
Biased Sampling (via PASTA)
A renewa Epm(’(’sc is a counting process with iid interarrivals.
Descriptions: ={R(t), t =0}or {7,T5 ...}id, or {S1.5%,...}
Example: Poisson exponential Erlang
Story: Buses arrive to a bus stop according to a renewal process R, = {R(t),t > 0}.

T? — times between arrivals of the buses.
Passengers arrive to the bus stop in a completely random fashion (Poisson).
S? — arrival times of the passengers.

Question: How long, on average, do they wait? Plan service-level.

il |

™ 1 T} iid

A= {A(t), t = 0} = Poisson arrivals of passengers.
X ={X(t), t=> 0} = state = Virtual uae'fa'ng time.

PASTA: lim — / f)di = lim T S X(s1-) =7

+ n=1
1
=7 = T (area under X, over [0, T1)
1 /1 1 .
= 7 (G )
_ R(T) 1 Tf+w + Tiym) [ e
— T3 ) = E(T0) "3 E(17)",by SLLN
= 1E(Tf") [1+(TY), c= 7 coefficient of variation.
2 —_— E

. L . ) Bias, due to variability
Deterministic” answer :
Check Poisson bus arrivals to derive Paradox:

1(“stochastic” answer) = 1 (“deterministic” answer).
2



YO YN YIIN MINNDNN TYN YSHINHD DX NAYNNI DN DNDINN ,MNND DXOIVIND YD IWpna 4.1
PAIN YXINN NN AYND YT NINDIND NN MIYD 1) TN .yONN NDY 1POY DIIVIND Y9 YXI TY MNND
AYOIN 297 MNNY YINY NINND DITIVIND) YO YOI P2

:NAVN

1Y MIPN2,X(1) NN X)) OX .PNINKD DITIVIND YO INND 12YW 3N NNY X(t) NN TN DT NIPNa

TPINOYD 2T DT YITYW NI (X -1 XA TIRD 292 I1°N) DN OWWNN TR DTIP 19D NN NIN

DYINY) DXVWIIWNIN SNOLYY NI, DN DIRSIND DI ,NNT DNDIND TYWHIN IMYNY TNNR DINVIN YOINN
SIYW NOYY

2 Pon
P/SODIN-PININ NNDN NN DY NN TY2

72)992) 227792 NNONN NOPN DOTININ MY 4.2.1

:NAVN

(M/M/1>v191 NP2 121199 . M/G/1 5112 P2Y1H2 N5 INDNN

(p T1 5 1201 27P) .G/G/1 5115 B3 1P N0 AN 1 NN Rx, C*(A) =1 Dx) M) DPWA

30




NN INONN NN DY TIN,NT PON WIOUN . PNINKD PN PN INDININ 4.2.2

: NAVN

— E(R)+\E(S))E(W,), by Little,

E(W,) = E(R)+ pE(W,) .

E(W,) = E(R)/(1-p).

p < 1 & d steady-state,

NP PYODD PPN NNON D10

p 1+C*(S)

E[W,]1= E[S]E 5
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Derivation of Khintchine-Pollaczek

For customer n = 1.2, ..., denote

W,(n) = waiting-time of n-th customer.
R(n) = residual service time, at time of the n-th arrival;
(= 0, for arrivals without waiting).
L,(n) = # of customers in queue, at time of n-th arrival.
{Sn} = sequence of service-times.
i n—1
Wyn)= Rn)+ > Sk, n>1.

k=n—Lg4(n)
EW,(n) = ER(n) + E(Sy) - EL,(n) . by Wald,

E(W,) = ER)+ E(S)E(L,) . n | oo, assuming
3 limit + PASTA,

by Little,

PIAIY N7 PO

p < 1 & d steady-state,

Left to calculate E[R]?
Via Biased Sampling (see next page):

- p = Prob. of arriving to a busy server. (PASTA+Little)

1+ C2(S)
—

-ER)=(1—=p)-04p-E(S)- q.e.d.

Finally, the K-P formula is:

EW,1=
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1 nY9av

call_id q start | g exit |ser start| ser exit | outcome| wait time | service time Agent
510013309] 06:23:00 | 06:23:07 | 06:23:08 | 06:25:01 | Agent 7 113 23015
510013355] 06:23:19 ] 06:24:30 | 06:24:31 | 06:24:51| Agent 71 20 23007
510013559] 06:24:52 | 06:24:52 | 06:24:52 | 06:26:57 | Agent 0 125 23007
510013814] 06:26:32 | 06:26:33 | 06:26:33 | 06:27:27 | Agent 1 54 23015
510013830] 06:26:356 | 06:26:38 | 00:00:00 | 00:00:00 | Abandon 2 0 0
510013871] 06:26:47 | 06:26:57 | 06:26:58 | 06:28:45| Agent 10 107 23007
510014006] 06:27:53 | 06:27:53 | 06:27:53 | 06:29:46| Agent 0 113 23015
510014071] 06:28:15 ] 068:28:45 | 06:28:45 | 06:29:04| Agent 30 18 23007
510014116] 06:28:35 ] 06:29:04 | 06:29:05 ] 06:30:31| Agent 29 86 23007
510014132]| 06:28:43 | 06:29:46 | 06:29:47 | 06:31:27 | Agent 53 100 23015
510014196] 06:29:05 ] 06:30:31 | 06:30:32 | 06:34:32| Agent 86 240 23007
510014425] 06:30:38 | 06:31:27 | 06:31:27 | 06:34:31| Agent 49 184 23015
510014578] 06:31:32 | 06:34:31 | 06:34:32| 06:35:54| Agent 179 82 23015
510014674] 06:32:06 | 06:34:32 | 06:34:33 | 06:37:04| Agent 146 151 23007
510014702] 06:32:18 | 06:33:00 | 00:00:00 | 00:00:00 | Abandon 42 0 0
510014712] 06:32:26 | 06:35:54 | 06:35:55 | 06:37:37| Agent 208 102 23015
510014750] 06:32:37 | 06:36:08 | 06:36:09 | 06:47:58 | Agent 211 709 23041
510014927 06:33:45 | 06:37:04 | 06:37:05| 06:43:49| Agent 198 404 23007
510015175] 06:35:19 | 06:36:04 | 00:00:00 | 00:00:00 | Abandon 45 0 0
510015368| 06:36:28 | 06:37:37 | 06:37:38 | 06:39:53 | Agent 69 135 23015
510015393] 06:36:35 | 06:37:54 | 00:00:00 | 00:00:00 | Abandon 79 0 0
510015405] 06:36:39 | 06:39:53 | 06:39:54 | 06:51:04| Agent 194 670 23015
510015441] 06:36:55 ] 06:43:49 | 06:43:50 | 06:45:58 | Agent 414 128 23007
510015539] 06:37:41 | 06:45:58 | 06:45:59 | 06:47:44| Agent 497 105 23007
510015752] 06:38:54 | 06:39:14 | 00:00:00 | 00:00:00 | Abandon 20 0 0
510015802] 06:39:13 | 06:40:31 | 00:00:00 | 00:00:00 | Abandon 78 0 0
510016057] 06:40:42 | 06:40:59 | 00:00:00 | 00:00:00 | Abandon 17 0 0
510016208] 06:41:35 | 06:47:44 | 06:47:.45| 06:51:29| Agent 368 224 23007
510016446] 06:42:556 | 06:47:58 | 06:47:59 | 06:48:31| Agent 302 32 23041
510016552] 06:43:35 | 06:45:36 | 00:00:00 | 00:00:00 | Abandon 121 0 0
510016619] 06:44:02 | 06:48:31 | 06:48:32 | 06:50:56 | Agent 269 144 23041
510016625] 06:44:05 | 06:46:13 | 00:00:00 | 00:00:00 | Abandon 128 0 0
510016700] 06:44:32 | 06:50:56 | 06:50:57 | 06:56:20| Agent 384 323 23041
510016708] 06:44:36 ] 06:51:04 | 06:51:05] 06:53:01| Agent 388 116 23015
510016925] 06:45:53 | 06:51:29 | 06:51:30 | 06:53.14| Agent 336 104 23007
510017302] 06:48:04 | 06:53:01 | 06:53:02 | 06:54:12| Agent 297 70 23015
510017389] 06:48:31 | 06:49:30 | 00:00:00 | 00:00:00 | Abandon 59 0 0
510017423] 06:48:42 | 06:53:14 | 06:53:14 | 06:54.56 | Agent 272 102 23007
510017606] 06:49:55 | 06:54:12 | 06:54:12 | 06:55:49| Agent 257 97 23015
510017636] 06:50:03 | 06:51:57 | 00:00:00 | 00:00:00 | Abandon 114 0 0
510017717] 06:50:38 | 06:54:56 | 06:54:57 | 06:56:50 | Agent 258 113 23007
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2 N9V

time ArT_sys Dep sys Arr q Dep q Arr_ser Dep ser
06:15 6 6 6 6 5 5
06:16 6 6 6 6 5 g
06:17 6 6 6 6 5 5
06:18 6 6 8 6 5 5
06:19 7 6 7 7 6 5
0620 7 6 7 7 6 5
06:21 7 6 7 7 6 5
06:22 8 6 8 8 7 g
06:23 9 6 9 9 8 5
0624 11 7 11 10 9 6
06:25 12 9 12 12 11 8
0626 12 10 12 12 11 9
06.27 15 12 15 15 13 10
06:28 16 13 16 18 14 11
06:29 19 14 19 17 15 12
06:30 20 16 20 19 17 14
06:31 21 17 21 20 18 15
06:32 22 18 22 21 19 16
06:33 26 18 26 21 19 18
06:34 27 19 2F 22 19 16
06:35 27 21 27 24 21 18
06:36 28 22 28 25 22 19
06:37 32 24 32 27 23 20
06:38 33 27 33 30 25 22
06:39 34 27 34 30 25 22
06:40 35 29 35 32 26 23
06:41 36 31 36 34 26 23
06:42 37 31 37 34 26 23
06:43 38 31 38 34 26 23
06:44 39 32 39 35 27 24
06:45 43 32 43 35 27 24
06:46 44 34 44 37 28 25
0647 44 35 44 38 28 25
06:48 44 37 44 40 30 27
06:49 47 38 47 41 31 28
06:50 48 39 48 42 31 28
06:51 51 40 51 43 32 29
06:52 53 43 53 46 34 31
06:53 54 43 54 46 34 31
06:54 54 45 54 48 36 33
0655 54 47 54 50 38 35
0656 56 49 56 52 39 36
06:57 59 52 59 55 41 38
06:58 59 53 59 56 42 39
06:59 60 54 60 57 43 40
07:00 60 55 60 59 44 40
07:01 62 57 62 62 48 41
07:02 64 57 64 64 48 41
07:03 70 62 70 68 51 45
07:.04 70 63 70 70 53 45
07:05 71 65 71 71 54 48
07.06 74 67 74 74 57 50
07:.07 79 69 79 78 61 52
07:08 80 72 80 80 63 55




