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Little’s Law for Retail calls, August 16th, 2001: US Bank 16/8/2001 %9 Yy MYY N8N
+: Throughput Rate, Retail, August 16™, 2001; US Bank

16 August 2001

‘00 s:00 11:00  13:00  15:00  17:00 18:00  21:00  23:00

Time (Resclutica 30 min.)

W: Average Waiting Time, Retail, August 16™,2001; US Bank

Aversge wait time(waiting) Retail
16 August 2001

00 5:00 100 13:00 15:80  17:00  19:00  21:00  23:00
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L: Average Queue Length, Retail, August 16™, 2001; US Bank

# Customera In Queus (2verage) Ratall
August 18, 2001: US Bank

. 1
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i

, RN

T80 w00 11:00 13:00 16:00 17200 100 100 200
time (ragedution 30 min)

Time 7:00 7:30 8:00 8:30 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
A 443] 639 987| 1291) 1998] 2166] 2278] 2231| 2158| 2135] 2000) 1408| 1311] 1303] 1323[ 12585] 1340
w 17] 32| 12 15| 24| 28 24 26 200 13] 13 08 1.0 10/ 08] 08 15

AW 042] 1.14] 0.68] 1.06] 2.72] 342 3.01] 3.18) 244] 1.55] 147] 064] 0.72] 072] 0.62[ 0.59] 1.09
L 0.42] 1.14| 0.68]) 1.06] 2.72] 340 3.02] 317 241 1.59] 1.48] 064] 072 072] 062 057 1.1

Time 15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 1258 1235| 1157) 942| 788] 752 803 619) 485 437 421| 386| 336) 311) 274 251 193
w 35] 36| 158 42 24] 49/ 519] 10.0 35 171 1.3 21 33 14 200 143] 3286

AW |2.422] 2.45] 102]2.173] 1.06] 2.05[23.16] 3.43| 095 041]0314] 044| 062] 0.24] 0.30| 2.00] 3.50
L 2.37| 2.49(10.17 2.16] 1.07] 1.94)2311| 359] 095 040] 0.31| 045] 062 0.24] 030] 1.83] 3.63
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Theoretical Calculation and Statistical Estimation
of Hazard Rate

Example: consider the following serviee time distribution:

exp|1/2)

>
exp(1/3) \

0.3
I]'.ll exp(1/5)

Its hazard rate can be caleulated theoretically:

0.15. e~=/5 4 (20/60) . =3 — 0.6 e~*/2
0.75. e~%/5 4 1.45. %3 —1.2. %/

hiz) =

How do we estimate hazard rate from data?

Description of simulation experiment.

10,000 independent realizations of service time above were simulated in Exeel. The theoretical
hazard rates were plotted and compared against estimates of the hazard rate, based on the

simulation data. (The method used for hazard rate estimation is deseribed on the next page.)
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call_id q start | g exit |ser start| ser exit | outcome| wait time | service time Agent
510013309] 06:23:00 | 06:23:07 | 06:23:08 | 06:25:01 | Agent 7 113 23015
510013355] 06:23:19 ] 06:24:30 | 06:24:31 | 06:24:51| Agent 71 20 23007
510013559] 06:24:52 | 06:24:52 | 06:24:52 | 06:26:57 | Agent 0 125 23007
510013814] 06:26:32 | 06:26:33 | 06:26:33 | 06:27:27 | Agent 1 54 23015
510013830] 06:26:356 | 06:26:38 | 00:00:00 | 00:00:00 | Abandon 2 0 0
510013871] 06:26:47 | 06:26:57 | 06:26:58 | 06:28:45| Agent 10 107 23007
510014006] 06:27:53 | 06:27:53 | 06:27:53 | 06:29:46| Agent 0 113 23015
510014071] 06:28:15 ] 068:28:45 | 06:28:45 | 06:29:04| Agent 30 18 23007
510014116] 06:28:35 ] 06:29:04 | 06:29:05 ] 06:30:31| Agent 29 86 23007
510014132]| 06:28:43 | 06:29:46 | 06:29:47 | 06:31:27 | Agent 53 100 23015
510014196] 06:29:05 ] 06:30:31 | 06:30:32 | 06:34:32| Agent 86 240 23007
510014425] 06:30:38 | 06:31:27 | 06:31:27 | 06:34:31| Agent 49 184 23015
510014578] 06:31:32 | 06:34:31 | 06:34:32| 06:35:54| Agent 179 82 23015
510014674] 06:32:06 | 06:34:32 | 06:34:33 | 06:37:04| Agent 146 151 23007
510014702] 06:32:18 | 06:33:00 | 00:00:00 | 00:00:00 | Abandon 42 0 0
510014712] 06:32:26 | 06:35:54 | 06:35:55 | 06:37:37| Agent 208 102 23015
510014750] 06:32:37 | 06:36:08 | 06:36:09 | 06:47:58 | Agent 211 709 23041
510014927 06:33:45 | 06:37:04 | 06:37:05| 06:43:49| Agent 198 404 23007
510015175] 06:35:19 | 06:36:04 | 00:00:00 | 00:00:00 | Abandon 45 0 0
510015368| 06:36:28 | 06:37:37 | 06:37:38 | 06:39:53 | Agent 69 135 23015
510015393] 06:36:35 | 06:37:54 | 00:00:00 | 00:00:00 | Abandon 79 0 0
510015405] 06:36:39 | 06:39:53 | 06:39:54 | 06:51:04| Agent 194 670 23015
510015441] 06:36:55 ] 06:43:49 | 06:43:50 | 06:45:58 | Agent 414 128 23007
510015539] 06:37:41 | 06:45:58 | 06:45:59 | 06:47:44| Agent 497 105 23007
510015752] 06:38:54 | 06:39:14 | 00:00:00 | 00:00:00 | Abandon 20 0 0
510015802] 06:39:13 | 06:40:31 | 00:00:00 | 00:00:00 | Abandon 78 0 0
510016057] 06:40:42 | 06:40:59 | 00:00:00 | 00:00:00 | Abandon 17 0 0
510016208] 06:41:35 | 06:47:44 | 06:47:.45| 06:51:29| Agent 368 224 23007
510016446] 06:42:556 | 06:47:58 | 06:47:59 | 06:48:31| Agent 302 32 23041
510016552] 06:43:35 | 06:45:36 | 00:00:00 | 00:00:00 | Abandon 121 0 0
510016619] 06:44:02 | 06:48:31 | 06:48:32 | 06:50:56 | Agent 269 144 23041
510016625] 06:44:05 | 06:46:13 | 00:00:00 | 00:00:00 | Abandon 128 0 0
510016700] 06:44:32 | 06:50:56 | 06:50:57 | 06:56:20| Agent 384 323 23041
510016708] 06:44:36 ] 06:51:04 | 06:51:05] 06:53:01| Agent 388 116 23015
510016925] 06:45:53 | 06:51:29 | 06:51:30 | 06:53.14| Agent 336 104 23007
510017302] 06:48:04 | 06:53:01 | 06:53:02 | 06:54:12| Agent 297 70 23015
510017389] 06:48:31 | 06:49:30 | 00:00:00 | 00:00:00 | Abandon 59 0 0
510017423] 06:48:42 | 06:53:14 | 06:53:14 | 06:54.56 | Agent 272 102 23007
510017606] 06:49:55 | 06:54:12 | 06:54:12 | 06:55:49| Agent 257 97 23015
510017636] 06:50:03 | 06:51:57 | 00:00:00 | 00:00:00 | Abandon 114 0 0
510017717] 06:50:38 | 06:54:56 | 06:54:57 | 06:56:50 | Agent 258 113 23007




2 N9V

time ArT_sys Dep sys Arr q Dep q Arr_ser Dep ser
06:15 6 6 6 6 5 5
06:16 6 6 6 6 5 g
06:17 6 6 6 6 5 5
06:18 6 6 8 6 5 5
06:19 7 6 7 7 6 5
0620 7 6 7 7 6 5
06:21 7 6 7 7 6 5
06:22 8 6 8 8 7 g
06:23 9 6 9 9 8 5
0624 11 7 11 10 9 6
06:25 12 9 12 12 11 8
0626 12 10 12 12 11 9
06.27 15 12 15 15 13 10
06:28 16 13 16 18 14 11
06:29 19 14 19 17 15 12
06:30 20 16 20 19 17 14
06:31 21 17 21 20 18 15
06:32 22 18 22 21 19 16
06:33 26 18 26 21 19 18
06:34 27 19 2F 22 19 16
06:35 27 21 27 24 21 18
06:36 28 22 28 25 22 19
06:37 32 24 32 27 23 20
06:38 33 27 33 30 25 22
06:39 34 27 34 30 25 22
06:40 35 29 35 32 26 23
06:41 36 31 36 34 26 23
06:42 37 31 37 34 26 23
06:43 38 31 38 34 26 23
06:44 39 32 39 35 27 24
06:45 43 32 43 35 27 24
06:46 44 34 44 37 28 25
0647 44 35 44 38 28 25
06:48 44 37 44 40 30 27
06:49 47 38 47 41 31 28
06:50 48 39 48 42 31 28
06:51 51 40 51 43 32 29
06:52 53 43 53 46 34 31
06:53 54 43 54 46 34 31
06:54 54 45 54 48 36 33
0655 54 47 54 50 38 35
0656 56 49 56 52 39 36
06:57 59 52 59 55 41 38
06:58 59 53 59 56 42 39
06:59 60 54 60 57 43 40
07:00 60 55 60 59 44 40
07:01 62 57 62 62 48 41
07:02 64 57 64 64 48 41
07:03 70 62 70 68 51 45
07:.04 70 63 70 70 53 45
07:05 71 65 71 71 54 48
07.06 74 67 74 74 57 50
07:.07 79 69 79 78 61 52
07:08 80 72 80 80 63 55
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i File 0] Statistical Analysis " [ Tools ) Help
Warisbles | Dptions " Select Categaries "  Properties | DE Tables
| Select by Dictionaries
WYariable x Type Yariable Typs Category Subcategory #y Calendar
Agents online Instants Counts service
Agent status Instants Counts service agar_events —
Calls in Service Instants Counts service
Calls in System Instants Counts service
Calls in Queve: Instants Counts service Varisbles
WRU time (offered) Duration FRielative frequencies % service
Arivals to queue Time periods Counts service
Abandons Time periods Counts SBIvice Procedures
Abandans proportion Time periods Rate service
Shart sbandors Tirme pefiods Counts service
Short abandons proprtion Time pariods Rate service Dates >
Other unhandled Tirme pefiods Counts service
Other unhandled rate Tirme pefiods Rate service
Unhandled Tirme pefiods Counts service
Unbandled proportion Time periods Rate service
Average wai tmefal) Time periods Means service
Average wai timefwailing) Time periods Means service
Customers in queue(aversge] Time periods Counts service
Primary arivals to queue Time periods Counts service
Anivals to service Tirme pefiods Counts service o)
Average service time Time periods Means service
Served without walting Time periods Rate service
Customers in service{average] Time periods Counts service
Customer service time Duration Relative frequencies % service service_termination
Shift duration Duration Relative frequencies % service New Model
Agent ertiies Time periods Counts service
Agent exits Time periods Counts service -
VAU only time Duration Relative frequencies % ~
StatusBarl

) File (] statistical Analysis [ Tools owindows [ Help
DB Tables
Dictionaries
tonths Days
Calendar
Month Tear o
April 2001 Summaties
tday 20m
June 200
July 2001 Variables
August 2001 —
September 20m Frocedures
October 200
Nowvember 2001 ——
December 20m 4- Tables
January 2002 e
February 2002
March 2002 |
April 2002
May 2002 bl
Days type
O Individual days
(&) Agaregated days
New Model
0K

StatusBarl
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File Table Settings Help

Performance Frofiler

Staffing Query Advanced Profiling Advanced Queties What-if Analysis

Performance performance Profiler allows you to determine and aptimize the Perfarmance Level of your Call Center. Enter yaur call center's parameters helaw, then
Profiler press 'Compute’.

Your Call Center's Parameters

Settings
*  Number of Agents Answering Calls ’T ®  Features: Ahandons
*  yerage Time to Handle One Call imm:ss) ’W #® Basic Interval: G0 minutes
*  Calls per 60 minute Interval ’W *  Target Time: 00:00 {mm:ss)
+*

Average Callers' Patience (mrmiss) 20:00 Change Settings

Compute € Addto Table Delete Rows Clear All ‘ Export ‘ I I Graph l:l
; Settings
Basic Target Average . Average  %Answer  Average =~
Interval Timet dmber of Handling Calls per  Averade AURNYS g s swer %ABandon Speed of  within Queue [
; Agents ] Interval Patience Qccupancy
{minutes)  Answer Time Answer Target Length Paratneters
Results 60.0 00:00.0 50.0 20:00.0 160.0 20:00.0 497.0% 90.9% 9.1% 01:47.7 30.6% 4.8 l:l
! Indicators
2 -
Ready 10/13/2009 2:20 FM
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/p.
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— Halfin-Whitt — GMR(0.1) GMR(05) —GMR(1}) —GMR()
—GMR(5) =——GMR(10) GMR(20) =——GMR(50) = CGMR(100)

GMR(x) describes the asymptotic probability of delay as a function of B when
0

= Xx. Here, 8 and 1 are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.

26



Erlang-A: % Abandonment

%Ab x /n vs. 3, for varying

Fatimn

im)patience (0 /p):
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3 25 2 45 1 05 0 05 1 15 2 25 3
P
—GMR(01) —GMR(0.5) GMR(1) —GMR(2) —GMR()
—GMR(10) —GMR(20) GMR(50) GMR(100)

Note the behavior like —3/+/n, for (relatively) large negative g
and over all (im)patience levels. For an explanation, think ED:

n—=R+BVR—=R—~R; hence y =~ —3/vVR ~ —f/+/n, and v
is P{Ab} in the ED-Regime.
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Biased Sampling (via PASTA)
A renewa Epm(’(’sc is a counting process with iid interarrivals.
Descriptions: ={R(t), t =0}or {7,T5 ...}id, or {S1.5%,...}
Example: Poisson exponential Erlang
Story: Buses arrive to a bus stop according to a renewal process R, = {R(t),t > 0}.

T? — times between arrivals of the buses.
Passengers arrive to the bus stop in a completely random fashion (Poisson).
S? — arrival times of the passengers.

Question: How long, on average, do they wait? Plan service-level.

il |

™ 1 T} iid

A= {A(t), t = 0} = Poisson arrivals of passengers.
X ={X(t), t=> 0} = state = Virtual uae'fa'ng time.

PASTA: lim — / f)di = lim T S X(s1-) =7

+ n=1
1
=7 = T (area under X, over [0, T1)
1 /1 1 .
= 7 (G )
_ R(T) 1 Tf+w + Tiym) [ e
— T3 ) = E(T0) "3 E(17)",by SLLN
= 1E(Tf") [1+(TY), c= 7 coefficient of variation.
2 —_— E

. L . ) Bias, due to variability
Deterministic” answer :
Check Poisson bus arrivals to derive Paradox:

1(“stochastic” answer) = 1 (“deterministic” answer).
2
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Derivation of Khintchine-Pollaczek

For customer n = 1.2, ..., denote

W,(n) = waiting-time of n-th customer.
R(n) = residual service time, at time of the n-th arrival;
(= 0, for arrivals without waiting).
L,(n) = # of customers in queue, at time of n-th arrival.
{Sn} = sequence of service-times.
i n—1
Wyn)= Rn)+ > Sk, n>1.

k=n—Lg4(n)
EW,(n) = ER(n) + E(Sy) - EL,(n) . by Wald,

E(W,) = ER)+ E(S)E(L,) . n | oo, assuming
3 limit + PASTA,

by Little,

PIIAIY N7 PO

p < 1 & d steady-state,

Left to calculate E[R]?
Via Biased Sampling (see next page):

- p = Prob. of arriving to a busy server. (PASTA+Little)

1+ C2(S)
—

-ER)=(1—=p)-04p-E(S)- q.e.d.

Finally, the K-P formula is:

EW,1=
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1 nY9av

call_id q start | g exit |ser start| ser exit | outcome| wait time | service time Agent
510013309] 06:23:00 | 06:23:07 | 06:23:08 | 06:25:01 | Agent 7 113 23015
510013355] 06:23:19 ] 06:24:30 | 06:24:31 | 06:24:51| Agent 71 20 23007
510013559] 06:24:52 | 06:24:52 | 06:24:52 | 06:26:57 | Agent 0 125 23007
510013814] 06:26:32 | 06:26:33 | 06:26:33 | 06:27:27 | Agent 1 54 23015
510013830] 06:26:356 | 06:26:38 | 00:00:00 | 00:00:00 | Abandon 2 0 0
510013871] 06:26:47 | 06:26:57 | 06:26:58 | 06:28:45| Agent 10 107 23007
510014006] 06:27:53 | 06:27:53 | 06:27:53 | 06:29:46| Agent 0 113 23015
510014071] 06:28:15 ] 068:28:45 | 06:28:45 | 06:29:04| Agent 30 18 23007
510014116] 06:28:35 ] 06:29:04 | 06:29:05 ] 06:30:31| Agent 29 86 23007
510014132]| 06:28:43 | 06:29:46 | 06:29:47 | 06:31:27 | Agent 53 100 23015
510014196] 06:29:05 ] 06:30:31 | 06:30:32 | 06:34:32| Agent 86 240 23007
510014425] 06:30:38 | 06:31:27 | 06:31:27 | 06:34:31| Agent 49 184 23015
510014578] 06:31:32 | 06:34:31 | 06:34:32| 06:35:54| Agent 179 82 23015
510014674] 06:32:06 | 06:34:32 | 06:34:33 | 06:37:04| Agent 146 151 23007
510014702] 06:32:18 | 06:33:00 | 00:00:00 | 00:00:00 | Abandon 42 0 0
510014712] 06:32:26 | 06:35:54 | 06:35:55 | 06:37:37| Agent 208 102 23015
510014750] 06:32:37 | 06:36:08 | 06:36:09 | 06:47:58 | Agent 211 709 23041
510014927 06:33:45 | 06:37:04 | 06:37:05| 06:43:49| Agent 198 404 23007
510015175] 06:35:19 | 06:36:04 | 00:00:00 | 00:00:00 | Abandon 45 0 0
510015368| 06:36:28 | 06:37:37 | 06:37:38 | 06:39:53 | Agent 69 135 23015
510015393] 06:36:35 | 06:37:54 | 00:00:00 | 00:00:00 | Abandon 79 0 0
510015405] 06:36:39 | 06:39:53 | 06:39:54 | 06:51:04| Agent 194 670 23015
510015441] 06:36:55 ] 06:43:49 | 06:43:50 | 06:45:58 | Agent 414 128 23007
510015539] 06:37:41 | 06:45:58 | 06:45:59 | 06:47:44| Agent 497 105 23007
510015752] 06:38:54 | 06:39:14 | 00:00:00 | 00:00:00 | Abandon 20 0 0
510015802] 06:39:13 | 06:40:31 | 00:00:00 | 00:00:00 | Abandon 78 0 0
510016057] 06:40:42 | 06:40:59 | 00:00:00 | 00:00:00 | Abandon 17 0 0
510016208] 06:41:35 | 06:47:44 | 06:47:.45| 06:51:29| Agent 368 224 23007
510016446] 06:42:556 | 06:47:58 | 06:47:59 | 06:48:31| Agent 302 32 23041
510016552] 06:43:35 | 06:45:36 | 00:00:00 | 00:00:00 | Abandon 121 0 0
510016619] 06:44:02 | 06:48:31 | 06:48:32 | 06:50:56 | Agent 269 144 23041
510016625] 06:44:05 | 06:46:13 | 00:00:00 | 00:00:00 | Abandon 128 0 0
510016700] 06:44:32 | 06:50:56 | 06:50:57 | 06:56:20| Agent 384 323 23041
510016708] 06:44:36 ] 06:51:04 | 06:51:05] 06:53:01| Agent 388 116 23015
510016925] 06:45:53 | 06:51:29 | 06:51:30 | 06:53.14| Agent 336 104 23007
510017302] 06:48:04 | 06:53:01 | 06:53:02 | 06:54:12| Agent 297 70 23015
510017389] 06:48:31 | 06:49:30 | 00:00:00 | 00:00:00 | Abandon 59 0 0
510017423] 06:48:42 | 06:53:14 | 06:53:14 | 06:54.56 | Agent 272 102 23007
510017606] 06:49:55 | 06:54:12 | 06:54:12 | 06:55:49| Agent 257 97 23015
510017636] 06:50:03 | 06:51:57 | 00:00:00 | 00:00:00 | Abandon 114 0 0
510017717] 06:50:38 | 06:54:56 | 06:54:57 | 06:56:50 | Agent 258 113 23007
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2 N9V

time ArT_sys Dep sys Arr q Dep q Arr_ser Dep ser
06:15 6 6 6 6 5 5
06:16 6 6 6 6 5 g
06:17 6 6 6 6 5 5
06:18 6 6 8 6 5 5
06:19 7 6 7 7 6 5
0620 7 6 7 7 6 5
06:21 7 6 7 7 6 5
06:22 8 6 8 8 7 g
06:23 9 6 9 9 8 5
0624 11 7 11 10 9 6
06:25 12 9 12 12 11 8
0626 12 10 12 12 11 9
06.27 15 12 15 15 13 10
06:28 16 13 16 18 14 11
06:29 19 14 19 17 15 12
06:30 20 16 20 19 17 14
06:31 21 17 21 20 18 15
06:32 22 18 22 21 19 16
06:33 26 18 26 21 19 18
06:34 27 19 2F 22 19 16
06:35 27 21 27 24 21 18
06:36 28 22 28 25 22 19
06:37 32 24 32 27 23 20
06:38 33 27 33 30 25 22
06:39 34 27 34 30 25 22
06:40 35 29 35 32 26 23
06:41 36 31 36 34 26 23
06:42 37 31 37 34 26 23
06:43 38 31 38 34 26 23
06:44 39 32 39 35 27 24
06:45 43 32 43 35 27 24
06:46 44 34 44 37 28 25
0647 44 35 44 38 28 25
06:48 44 37 44 40 30 27
06:49 47 38 47 41 31 28
06:50 48 39 48 42 31 28
06:51 51 40 51 43 32 29
06:52 53 43 53 46 34 31
06:53 54 43 54 46 34 31
06:54 54 45 54 48 36 33
0655 54 47 54 50 38 35
0656 56 49 56 52 39 36
06:57 59 52 59 55 41 38
06:58 59 53 59 56 42 39
06:59 60 54 60 57 43 40
07:00 60 55 60 59 44 40
07:01 62 57 62 62 48 41
07:02 64 57 64 64 48 41
07:03 70 62 70 68 51 45
07:.04 70 63 70 70 53 45
07:05 71 65 71 71 54 48
07.06 74 67 74 74 57 50
07:.07 79 69 79 78 61 52
07:08 80 72 80 80 63 55




