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Little’s Law for Retail calls, May 2002: US Bank NIPN2 DPPNNY NAN NI/MIN

i: Throughput Rate, Retail, May 2002; US Bank N

Arrivals to offered Retail Total
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W: Average Waiting Time, Retail, May 2002; US Bank (Wq)

Bverage Waiting Time, Retail

May 2002; US Bank

L: Average Queue Length, Retail, May 2002; US Bank (Lq)

# Customers in Gueue [Average) Retail
May 2002: US Bank

Avemge Number in Quese

Date 1 2 3 4 5 6 [ 8 9 10 11 12 13 14 15 16
38476| 36144|37414) 14194 7107| 38567| 33572 33220| 33345(34009| 14807 7141[41293] 37653 36572| 35266
w 56 23] &§0] 100 6.1 2.5] 1.9) 19 18] 38| 105 48 35 34 6.8 4.2

MWL 249 138] 2346] 165] 050 114 074] 074] 068 150] 1.79] 040] 169 147 251 171

L 2501 1.40] 349 1ee] 0501 1.5 074] 074 0.71] 151 1.81] 040 1.71 147] 294 1.73]

Date 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
A |35338] 15533| 7530 40534] 35493] 34070| 34005| 32512| 13100| 5909| 1558| 43980|36163| 58416 40284
w 54| 276 8.1 3.0 2.1 2.1 3.2 3.5 23] 64] 370 6.5 2.7 25 3.2
A*WLE 219 486] 071 141] 087 083] 125 130 035 044 067] 329 118 111 1.47]

L 2200 487 071] 142] 088] 084 127 131] 037 044] 067] 3.30] 120 1.12] 1.48

.(NN12)N N2IVWNN DX D11V 1ND) NAY RH/MAN ; D»PNN NXo/o»pnn Little pin : nawn
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W: Average Waiting Time, Retail, August 16™, 2001; US Bank

Arrivals to quese Retsil
16 Angust 2001
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L: Average Queue Length, Retail, August 16™,2001; US Bank

# Cugtomers In Queue (Aversge) Retall

August 16, 2001; US Bank

Bverage Humberin Qusus
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time (resciution 30 min)

[~=:2 Customers In Queas ——Litbes Law

200178716 »39 by MYW SNSN :2 99)
Little’s Law for Retail calls, August 16th, 2001: US Bank

4: Throughput Rate, Retail, August 16™, 2001; US Bank

Time 7:00 7:30 8:00 8:30 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
A 443| 639 967| 1291] 1998| 2166] 2278] 2231| 2158| 2135| 2000 1408) 1311] 1303| 1323| 1285] 1340
w 1.7) 32| 12] 15[ 24] 28 24 26 20 1.3] 13 0.8] 1.0 10( 08 08 15

AW 042] 1.14] 068] 1.06] 272] 342 3.01] 3.18] 244| 1565| 147] 064] 072] 072| 062 0.59] 1.08
L 0.42] 1.14] 0.68] 1.06] 2.72| 340{ 3.02] 3.17] 241 1.59] 148 064] 072] 072| 062 0.57] 1.11

Time 15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 1258|1235 1167| 942] 788| 752 803] 619) 485 437| 421| 386| 336) 311 274| 251] 193
w 35| 36] 158 42| 24] 49 518] 100[ 35 17 13 21 33 14 2.0] 143] 326

AW 12422] 2.45) 10.2) 2173| 1.06] 2.05|23.16| 3.43| 0.95| 041)0.314]| 044| 062 024 030] 2.00f 3.50
L 2.37] 2.49(1017] 2.16] 1.07| 1.94{23.11] 3.59) 095 040| 031 0.45| 062] 0.24] 030] 1.83] 3.63
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Little’s Law for Russian calls, May 23rd, 2005: Israeli Telecom

A: Throughput Rate, Russian, May 23", 2005; Israeli Telecom

Arrivals to queue Buzsisn
23 May 2005
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W: Average Waiting Time, Russian, May 23“1, 2005; Israeli Telecom

Average wait time(all] Fussisn
23 May 2005
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L: Average Queue Length, Russian, May 23"’, 2005; Israeli Telecom

& Customers in Queus |Average) Russian
May 23, 2005; lsraeli Talecom

v e e B
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Average Number i Queue

R

700 =00 e 13:00 2600 AL 15200 2000 23:00
tima irecalistion 30 miny

[Pz customers in Gusus — Lisie's Law

Time  7:00 7:30 8:00 8:30 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00

A 12 12] 22 48 59 59 36 52 43 56 81 1 a0 46 67 56 50
W 169 13 114] 1660|1489 8a7] 74| 274| 07 39| 203 749)1254| 463) 414] 479 377
AW 011] 001] 014] 424]) 483 291 016] 079 0.02] 012] 091 254] 557 118 154] 149 105
L 0.08] 004] 014 367| 483] 318) 016] 079 0.02] 0.12| 088) 257| 532| 144 136 167 100

Time  15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 57 52 62 70 75 79 63 68 BDI 55 55 56 56 43 27 14 3
w 667 23.4| 79.2| 156.6)| 118.6) 139.3| 143.6| 150.2 179.2_| 151.3| 209.5| 2195/ 224.7) 334 337] 107.0 07

AW 208 065 273] 609] 4894) 611] 542 563 597 462) 640/ 683) 6899 211 051] 083 000
L 213 082] 234] 551] 5.82] 561 603 304 8.83] 434 500 718 6.85[ 261] 051] 0.83] 000

INSN :3 99)
29 Yy MYY
2005/5/23
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M/M/n (Erlang-C) queue
e Poisson arrivals. rate A:
e 1 exponential servers, rate pi.
Widely used in call centers.

agents

ACD
arrivals
— ueug
Transition-rate diagram
I 7L
\_0 1 2) [ XX ] +2 e

\n l/.—\n ) @n+
np np np

A= A, i>0,

i = (jAn), j=>1.
Agents’ utilization

nu
Assume p < 1 (R < n) to ensure stability (as in M/M/1).

Steady-state distribution:

1
|

|
|
A

n,

-1

|

S
Il

Z E " R
= ji n!(1 — p)

where R = é is the offered load.
I



Erlang-C Formula (1917):
Delay probability:

l%

. . | R" 1
P{W, >0} 2 Ep, = Zm ]

=n

Erlang-C computation: recursion, see Erlang-B below.

Number-in-queue:
P{Ly=i} = Esn-(1=p)p', >0,
or
0 wp 1 — Ea,
L, =
Geom(l — p) wp Eay,

Waiting time distribution:
W, 0 wp 1 — Eop

1/p a exp (1‘1‘102.11‘1 = % : ﬁ) wp Lag
Compare with M/M/1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M/1.



(57993 25) %2 99991 — 2 AINY

4CC n9tya wIN

DMIYPNHD MMPY Sw 10 MW 27 .GazolCo Yv mpwin 19991 DXT2 DITPIN WY NYAIN

,MPT 4 XIN YNNI YL NPY )IT D N NNIIY MNPY HONMN .ONDY DN NIVN DX DOVD

DN X .NPT 3 NN NYHINHN NN YNNI Nywd MmNy 180 X MDD MMWN asp

ACC mon NItYa DIRNND YPN AP NOIWNN NN NMD NPWN DNIND Yy

9901 TI1) DTN MDINN MNPWN AXP ONX NP NN PITAD NN NN DN (MmN 3) 2.1

2Y MDD NIRJIVN ION DXANN NP> NN MIRNNN MRV XNV 1PND (V1P INY) DXNIWN

NN .M/M/N+M 5110 natya »wm M/M/N 57in natya pon TNX ,NIDmn v 009

.DONIVN 120N DTN DR NNINNND NINYIVLIN

1 nbav
Calls Average Speed Agent's .
Per Hour | of AI’]S\?VEI‘ (F;ecs) Occupgancy (%) P(Wait>0)
180 57.8 85.7% | 1-0.518=0.482
185 79.6 88.1% | 1-0.447=0.553
190 1135 90.5% | 1-0.37=0.63
195 171.3 92.9% | 1-0.286=0.714
200 289.2 95.2% | 1-0.197=0.803
205 647.0 97.6% | 1-0.101=0.899
210 | n/a n/a
2 nYav
Calls Average Speed Agent's .
Per Hour | of AI‘IS\?VEF (F;ecs) Occupgancy (%) P(Wait>0)
180 9.2 80.7% | 1-0.699=0.300
185 10.6 82.2% | 1-0.666=0.333
190 12.0 83.7% | 1-0.632=0.367
195 13.5 85.1% | 1-0.598=0.401
200 15.1 86.3% | 1-0.564=0.435
205 16.8 87.5% | 1-0.530=0.469
210 18.6 88.7% | 1-0.497=0.502

:DAVN
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‘1 4callCenters v2.23 EJ@@

File Table Settings Help

Perfarmance Profiler Staffing Query ‘ Advanced Profiling ‘ Advanced Gueries ‘ Yhat-if Analysis I

Stafﬁng Staffing Query tool helps you decide how many Agents your Call Center requires. Enter your call center's Performance Goal

Query ({inactive Performance Indicators appear in parenthesis) and other parameters, then press 'Compute’.
Your Call Centet's Parameters Settings
*  Ferformance Goal |Agent's Cceupancy j | B0% * Features: Abandons
*  werage Time to Handle One Call imm:ss) IW * Basic Interval; 60 minutes
*  Calls per 60 minute Interval 540 *  Target Time: 0010 (rmmm:ss)
*  Ayverage Callers' Patience (mm:ss) IW CChange Seflings

Compute *  Addto Tahble Delete Rows Clear Al ‘ Expiort ‘ Graph
Basic Target Average . Average =
Interval Time to N:;n;]rirsof Handling (iﬁ{:asmp;r §;3';g; O?Euepnatr?cy %hnswer %Ahandon  Speed of :
{minutes)  Answer Time Answer
Lawer
Upper
1 B0.0 am10.0 14.0 04:00.0 180.0 03:00.0 80.7% 94.2% 5.8% 00:09.2 Settings
2 60.0 00:10.0 15.0 04:00.0 180.0 03:00.0 77.0% 96.2% 3.8% 00:06.0
3 60.0 am:10.0 26.0 04:00.0 360.0 03:00.0 87.5% 94 8% 2% 00:08.6 |:|
4 0.0 00100 27.0 04000 3600 03000 85.4% 96.1% 309%  00:0B4 Pararmeters
5 60.0 00:10.0 37.ao 04:00.0 540.0 03:00.0 91.6% 94.2% 2.8% 00:08.8 |:|
1] 60.0 am:10.0 38.0 04:00.0 540.0 03:00.0 90.3% 945.3% 4.7% 00079 Indicators
7 -
Ready 2152010 1:05 P
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File Table Settings Help

Performance Profiler

Staffing Query | Advanced Profiling | Advanced Queries | What-if Analysis |

Performance performance Profiler allows you to determine and optimize the Performance Level of your Call Center. Enter your call center's parameters below, then press ‘Compute’
Profiler
— Your Call Center's Parameters ~Settings
*  Number of Agents Answering Calls 100 *+  Features: Abandons
*  Ayerage Time to Handle One Call (mm:ss) | 0F:00 4+ Basic Interval: 60 minutes
#+  Calls per 60 minute Interval | 1000 *+  Target Time; 03:00 (mm:ss)
*  Average Callers’ Patience (mm:ss) | 12:00 Change Settings
Compute 4+ Add to Table | Delete Rows | Clear Al | Export | Impart | Graph |
Basic Target Average Average  %Answer %Abandon  Average
Interval Time to N:mbetr of Handling C‘alls pTr strage DAgenfs SAnswer %Abandon Speed of within within Queue
(minutes)  Answer el Time LEE LN el Answer Target Target Length
Results
1 60.0 03000 90.0  08:00.0 10000 12000 99.6% 89.7% 10.3% 01168 87.3% 10.3% 207
2 60.0 03000 91.0 08000 10000 12000 99.5% 90.5% 95%  01:099 88.9% 9.4% 18.9
3 60.0 03.00.0 92.0 06:00.0 1,000.0 12:00.0 99.3% 91.4% 8.6% 01:03.2 90.3% 8.6% 172
4 60.0 03.00.0 93.0 06:00.0 1,000.0 12:00.0 99.2% 92.2% 7.8% 00:56.9 91.4% T.8% 15.6
5 60.0 03.00.0 94.0 06:00.0 1,000.0 12:00.0 98.9% 93.0% T7.0% 00:51.0 92.5% T.0% 14.0
] 60.0 03.00.0 95.0 06:00.0 1,000.0 12:00.0 98.7% 93.7% 6.3% 00454 93.4% 6.3% 125
7 60.0 03000 96.0  06:00.0 10000  12:00.0 98.4% 94 4% 56%  00:40.2 94.2% 5.6% 11.2
8 60.0 03000 97.0  08:00.0 10000 12000 95.0% 95.1% 49%  00:355 94.9% 4.9% 99
9 60.0 03000 93.0  08:00.0 10000 12000 97.6% 95.7% 43% 0031 95.6% 4.3% 87
10 60.0 03.00.0 99.0 06:00.0 1,000.0 12:00.0 97.2% 96.2% 3.8% 00:27.1 96.1% 3.8% 76
1 60.0 03.00.0 100.0 06:00.0 1,000.0 12:00.0 96.7% 96.7% 3.3% 00:23.5 96.7% 3.3% 6.6
12

0.3% NN 955 3 NOVDY YONDIPNN OITPINN 1901 XN NN ,4CC SV VYN (MNP 4) 3.2.1
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: NAVD
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NOIYNN NN IIYLIY MNP DY 91N NINHNNN YT NOMN PN (199 3) 3.2.4

: NAVYN

(M7 13) 73 25V : WINN PINY 1PN NRNNN .3.3 PN

YN 112002 D1 OVYNT NVIIPON INT OTINN ,PPIN NN PIOYND NVIONN I9HDN NN
SV NNDN NOYIN TNXY 3D NN NOMIND YN PIIN .MPY MOIYN NOTIN DNPN NN THD
MPT 3D 93N WNNN IWN NIMPON 190D NN NNY TV IVNPNYN N2 NV ,YWTNN PIND
NN MINNN MINID AN NIYH NN

PTINPAIN TN PN (M) 3) 3.3.1

: NAVYN
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NN PN ,POIN Y NYNIND NOOWN DX VINY MY .NNT NPITID NDVITVINR NVIY NN PIIN
:4CC n moIna y9m 9w Overflow Prannn

(MY DIPNI MPT 3) DIDN YIT DXPNNNN NMINMPY N2 NN Ny XN “Overflows” anPna e
MYV YIDY INRD NMIPHN DX NTHY TIRINN YN NOIYN) NINN NIIYND NOIWHNIN DN
(nrn Yoo

NIIYNY NIV VNN ANV DIPNNNN MNP IWNR Y30 IR Y2IP : Overflow Time Limit:v5p e
INRD

N (MPT VDY) 121790 1IN NN 1Y IWR MNP DHNK DX P8 %Overflow 059 e
JINRND NOIWND

: P2IN DY NODVIITVIND INYNN

Target- Feature -n N71y2 MPT 3 0 901 NIIYN2 1ONND IWNR NINMPON HINN IX P1T720 DIPNA
3 nynY Overflow Time Limit 1 nX y23) ,Overflows oy 57103 wnunwnd >N 931 Time
MpT

200 IMPTH PIIN WNHY NVIYWN ONXD (VNP 3) 3.3.2

:NAVN
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. 4CallCenters v2.23

: Overflows 99101 930 Y1 mn Yw 4CC 1 VY Yoo

File Table Settings Help

Performance Profiler

Staffing Query

I Advanced Profiling l Advanced Queries I

. L A

- S W

What-if Analysis l

Performance performance Profiler allows you to determine and optimize the Performance Level of your Call Genter. Enter your call centers parameters below, then press ‘Compute’.

Profiler
Your Call Center's Parameters Settings
*  Number of Agents Answering Calls 100 +  Features: Abandons, Overflows
*  pverage Time to Handle One Call (mm:ss) 06:00 +  Basic Interval: 60 minutes
*  Calls per 60 minute Interval 1000 +  Target Time: Mo Target
*  Average Callers' Patience (mmecc) Change Settings ‘
Overflow Time Limit (mm:ss)
Compute 4+ Addto Table Delete Rows ‘ Clear All ‘ Export ‘ ‘ Graph ‘ /\
Basic Average Average  Awverage
Interval N:m:;rsof Handling ?ﬁifw‘zr ;;:;g; t%ﬂi?n“i't D:cguen;r? YAnswer %Abandon Speedof  Queue
(minutes) g Time ~ pancy Answer Length
Results 60.0 100.0 06:00.0 1,000.0 12:00.0 03:00.0 96.7% 96.7% 3.3% 00:234 6.6
1 60.0 90.0 06:00.0 1,000.0 12:00.0 03:00.0 99.6% 89.7% 9.9 01135 19.9
2 60.0 91.0 06:00.0 1,000.0 12:00.0 03:00.0 99.5% 90.5% 92 01:074 18.3
2} 60.0 920 06:00.0 1,000.0 12:00.0 03:00.0 99.3% 91.4% g4 01:015 16.8
4 60.0 93.0 06:00.0 1,000.0 12:00.0 03:00.0 99.1% 92.3% 7.6 00:557 15.3
5 60.0 940 06:00.0 1,000.0 12:00.0 03:00.0 98.9% 93.0% 6.9 00:50.2 138
i} 60.0 95.0 06:00.0 1,000.0 12:00.0 03:00.0 93.7% 93.7% 6.2 00:449 124
7 60.0 96.0 06:00.0 1,000.0 12:00.0 03:00.0 93.3% 94.5% 5.5 00:39.9 1.1
g 60.0 97.0 06:00.0 1,000.0 12:00.0 03:00.0 93.0% 95.1% 49 00:352 9.8
9 60.0 95.0 06:00.0 1,000.0 12:00.0 03:00.0 97.6% 95.7% 435 00:309 87
10 60.0 99.0 06:00.0 1,000.0 12:00.0 03:00.0 97.2% 96.2% 3.8% 00:27.0 76
" 60.0 100.0 06:00.0 1,000.0 12:00.0 03:00.0 96.7% 96.7% 3.3% 00:234 6.6
12
13
14
15
1R

: N2 IR TINYD YT PIYIN 1 DY WATIN YINDINN DIITPINN 190N NYI NN (MNP 2) 3.3.3
NIPNN OY NUN 1PN 10.3% DY NOY RO MIPT YIDYN TN 1IN INNND YN MINWN NN
(3.2.1 NHRY) OTIPN

:NAVN
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IUN DN DN ,NINMWD DY TUN DT DMN D M) ,0TIPN PYOY TUNnna (MTP) 3) 3.3.4
DNOY TUNRY NN TO0TPINN MK NYI NN .MPT YOWN 9N 1NNN YN MMPOY 01N
(MN2HNRWIV NINPY DY NNPY TYVND NN DPDR INY MMpoo

:NVN

MPOY MNANN MINNNN JPIT DY NN YXID YATI WINN DIPIVINAN DIW» N12Y (MNPI 2) 3.3.5
A3 N9V VINID DYITT INVY YNNI .NIIWNY INYIN W2

:NANVYN
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter /3, for varying patience €/

FaWil,

-
<
\\

// e 7
/ ] / o

P(Wait>0}

#

\\‘\ '

3 25 2 145 4 05 0 05 1 15 2 25 3
p

e H B hill s GMR(D 1) oo GMRIO5) s GMR(1) s GMR(2)

—GNRS)  =—=GMR(10) GMR{20) =—=CMRIE0) ~=GMR{10Q]

GMR(x} describes the asymptotic probability of delay as a function of B when
% = X. Here, 8 and p are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.
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premptive N1 NI (NN MTY) 1 NON MNP SY MINKDN MINDT Y8 - Wlp
premptive N1 TN (N1 MTY) 2 NON MNP DY MNKDN MINIT YSINN- Wz”
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Pollatczek-Khintchine formula

M/G/1 Queue: Poisson arrivals,
generally distributed (iid) service durations.

Theorem. (Pollaczek-Khintchine)

N Cp 1+0%(S)
B(W)=E(S) - (£ ST
Proff:
Derivation of Pollaczek-Khintchine
For customer n = 1,2, ..., denote

W,(n) = waiting-time of n-th customer.
R

(n) = residual service time, at time of the n-th arrival;
( = 0,for arrivals without waiting).
L,(n) = 4 of customers in queue, at time of n-th arrival.
{5,} = sequence of service-times.
-1
W,n) = Rn)+ Y S, n>1.
k=ti— L)
EWy(n) = ER(n)+ E(S1) ELyg(n) , by Wald,
E(W,) = E(R)+ E(S5))E(L,) , n 1 oo, assuming
3 limit + 1
= E(R)+ AE(S1)E(W,), by 2

E(W,) = E(R)+ pE(W,) , p < 14 3 steady-state,

EW,) = E(R)/(1—p).
Left to calculate E[R|7
Via Biased Sampling (see next page):
- p = Prob. of arriving to a busy server. (PASTA+Little)

1+ C2(S)

-E(R)=(1—p)-0+p-E(S)- 5

q.e.d.
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n,p) plk) = Amvﬁtaalr 0<p=1—g<lin>1 k=0,1,...,n [p-e' + 4 np npg
Multi- o(w) = ——=T¥p 0<pisy ¥ pi=tin>1 : E(X;) =np; cov(X;, X;) = —npipj
_ X ~ Mult{n, p) #(=) el | BE2 <pid, = 0<ziy  mi=n (Xi) = np; VX ..; T X; ~ Bin(n, p;)
nomial T = (ZT1,...,%k) p=(P1yosPu) (i # 1)
Negative ) ot ™ Number of trials
& X ~ NB(m,p) Eilﬁ,uiva_arus 0<p=1—gq<lim>1 k=mm+1,... TF&._ z mg
Binomial T F till m-th success
Geometric X ~ Gip) (k) = ¢~ p 0<p<1 k=1,2 pee! i g X ~ NB(1,p)
2 2 B P PR =q e =pPp= s =14 Toaet P -3 B s
—X R
Poisson X ~P(A) plk) = =2= A0 k=0,1,... exp{—A(1 —e')} A A
ﬁzv A A v N — special elements
Hyper- k) ln—n N, M =0 max(0,n — M) < k T :
yYp X ~ HG(N, M, n) plk) = ALk H [ 1< M . n__.,mﬁﬁ_f M o..n_dsn:.uu ones
geometric _ ...,.. _ 1<n< N+ M k < min(n, N) e n — sample size
k — special in sample
Density Function
Fie) = . a a .
Beta X ~ Beta(a, 3) Mass) o V1 - gt a, 3 >0 0<t<1 Complicated =7 auﬂ_a a =3 =1 — Uniform
T(a)T(3)
Diz)= [ w* e “de
Camma ~ Gammafc, A) flt) = N?l_..ﬂ;|:_”_nh a, A >0 t>0 (1— %)= & WDM () __-,c
=(z—1)'(z —1)
Erl X ~ Erl A £) = AT e 1,2,...5A>0 £>0 1 )" n n G A
rlang X ~ Erlang(n, A) fit) = Ao — n=1,2,...;A > f = A — Hv x el ~ Gamma(n, A)
Expo- ) At £y 1 1
X ~ Exp(A) F(t) = Ae A0 t>0 (1 i i 4 X ~ Gamma(l, )
nential *
2 .&.nﬂv = 2 o a2
Normal X~ Nip,o7) —oo < p<og >0 —oc <t <o mﬁ._ﬁmﬁu“wwuaﬁw I o
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