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Phase-Type Service Times (Durations).

Service-Time = a sequence/collection of tasks, of an exponential duration.
There are K types of tasks, indexed by k=1,..., K.

my. = expected duration of task k; m = (my)
qr = % of services in which k is first; q=(qx
Pj. = % of incidences in which task j is immediately followed by k. P = [Pj]

1— Zﬁil P, = probability to end service at k.

Representation directly in terms of (q. P, m).

Denote here R = [I — P! (as in Mandelbaum & Reiman).
Average work content  E(T) = qRm (=2, q;Rjpmy).

my 0
Moments: E(T") = nlg(RM)™ . where M =
0 mg
E(T?)  1+CYT) q(RM)*1
20B(T))? 2 - (qRM1)2
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter /3, for varying patience € /.
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e HfiWhill s GMR(O 1) e GMRAO5)  smn GMR(1) s GMR(2)

—GMRIS)  =—GMA(10) GMR20) = GMRIED) = CMR(100)

GMR(x} describes the asymptotic probability of delay as a function of B when
% = X. Here. 8 and p are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A , as patience T indefinitely.
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n,p) plk) = Amvﬁtaalr 0<p=1—g<lin>1 k=0,1,...,n [p-e' + 4 np npg
Multi- o(w) = ——=T¥p 0<pisy ¥ pi=tin>1 : E(X;) =np; cov(X;, X;) = —npipj
_ X ~ Mult{n, p) #(=) el | BE2 <pid, = 0<ziy  mi=n (Xi) = np; VX ..; T X; ~ Bin(n, p;)
nomial T = (ZT1,...,%k) p=(P1yosPu) (i # 1)
Negative ) ot ™ Number of trials
& X ~ NB(m,p) Eilﬁ,uiva_arus 0<p=1—gq<lim>1 k=mm+1,... TF&._ z mg
Binomial T F till m-th success
Geometric X ~ Gip) (k) = ¢~ p 0<p<1 k=1,2 pee! i g X ~ NB(1,p)
2 2 B P PR =q e =pPp= s =14 Toaet P -3 B s
—X R
Poisson X ~P(A) plk) = =2= A0 k=0,1,... exp{—A(1 —e')} A A
ﬁzv A A v N — special elements
Hyper- k) ln—n N, M =0 max(0,n — M) < k T :
yYp X ~ HG(N, M, n) plk) = ALk H [ 1< M . n__.,mﬁﬁ_f M o..n_dsn:.uu ones
geometric _ ...,.. _ 1<n< N+ M k < min(n, N) e n — sample size
k — special in sample
Density Function
Fie) = . a a .
Beta X ~ Beta(a, 3) Mass) o V1 - gt a, 3 >0 0<t<1 Complicated =7 auﬂ_a a =3 =1 — Uniform
T(a)T(3)
Diz)= [ w* e “de
Camma ~ Gammafc, A) flt) = N?l_..ﬂ;|:_”_nh a, A >0 t>0 (1— %)= & WDM () __-,c
=(z—1)'(z —1)
Erl X ~ Erl A £) = AT e 1,2,...5A>0 £>0 1 )" n n G A
rlang X ~ Erlang(n, A) fit) = Ao — n=1,2,...;A > f = A — Hv x el ~ Gamma(n, A)
Expo- ) At £y 1 1
X ~ Exp(A) F(t) = Ae A0 t>0 (1 i i 4 X ~ Gamma(l, )
nential *
2 .&.nﬂv = 2 o a2
Normal X~ Nip,o7) —oo < p<og >0 —oc <t <o mﬁ._ﬁmﬁu“wwuaﬁw I o
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