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Theoretical Calculation and Statistical Estimation
of Hazard Rate

Example: consider the following service time distribution:

expi1/2}

y
expi1/3) \
0.3
l}.ll expi1i5)

Its hazard rate ean be ealeulated theoretically:

0.15. P_T;‘5 + (29350\3 . e—.‘t',-"S —0.6. g--_T.-"Z
0.75- 25 4 1.45 . e=2/2 — 1.2 g—2/2

hir) =

How do we estimate hagard rate from data?

Description of simmulation experiment.

10,000 independent realizations of serviee time above were simulated in Exeel. The theoretical
hazard rates were plotted and compared against estimates of the hazard rate, based on the
simulation data. (The method used for hazard rate estimation is deseribed on the next page.)
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NN DXIANY NYIRY DOPNNNN OINNNN 25% —DIMMW0D )= 1—E = 1—i =0.25
R 41.667

— DTIPN PYDA NIVNN DX NPINN NI NNAIVN .ONYPIAA DIDVD MINNNN TONNA NNN

.ED — n ©inna moayn Prann ON990 1) M) DOWON NN
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:9TINN YV DMVNION NN AVNY T 3.3-3.5 DXOYD MM NNV 3.6

: NIWN
1 (1
A =20,000 requests/ year @ =§ (5 =2 yearsj

L1 =480 requests/ year n=31
0P P{ADB} = OE(W,) :7wpn a5y nawn 6 nnraon 1onio NN

PLAD} _ 025 _
EW,) 05

PIATY NNINN .DXWTINA NOIYN NONY I, 02972 TT0I NYPI XN 21DV 1IT : NIWVN

.DYMY Y NYXINN PANDIADY  Mynwnn . 8 = 0.5

1
CEW,) = 3 199 NPYTSN MY 172 RIN NN NHOIYN

NIYNL MNINT DANIPA YINIYO DINYN 1NN IPOYY DIXRN 31 DIPNI D NI Nyd 3.7
792 IPOYVW DINIT 12 MNNY NPONN DXPNY VLONIN ,DXINNRN DN TPPIND GONA ,NPPON
INDD NIV

NN POND 112D N2 .(NOXID TONND ,2W) MYPA 84 NOIYND MY NTIAY D 95155 M)
DYOIN : DMIPOY DIND 3-D MNIDT DXMIANIPA VIDWHY MYPA DOWNNN DIDINN NMODIDIIN

)09 N33 .(30%) DINX DX2INY (50% ,DIND DIRY) VIV N ,(DX9INNN 20%) DIND
NN DYV DY NONIN YO0 NDIND ,NYY ONN DY NYNIN MND NDIN DY NYPIA )I190N TUNd
MW MYV 1.125 NYN MPYN YN NONIN,57N01 MYV 1.75 Y¥ nYMn DINXN 09N
9190 DIV2) NNN NN OXANY DIDIN 1AV ANPIY N TPV DD DNVINN 519V
SN NYIVIN NN NIRY NI 199Y,MPVYN ANPY DN TIND T (DNYPaa

NN 1NN 15TINN DY DMIVNIN 11 TNYD NIIVNN NNOIND DIRNND SVNNN DTN NN
TN DY DMVNINN DTINN DX NN 19TINN

:DNVWN

: 0MVPIM STINN MNIN .M/PH/N 571 XN ©XRNND SONRNNN DTN
.OPY Mupa A =84 Hw asp Dy NONRID TONN 0 MY -

:Myw 1.125 Hv y8imn oy (Hyper-exponential) PH oxm9on mw»own -

onwvi12 o -

PV OOWNY NYIND TYNN P2 MON NNMP RO MYV PRI DN PIND -

18




NYNRYN 9102 099911 DININ DIDIPON 1NINTY 0VINDI DININM NANYIN 297 :2D PV
.22-28 D nya

N2V NIIYNA NINNNN AT NINNN NATH/MVP/NNT T NN MNNNN PIT NYNMN ONN 3.8
NN PN MYV 1.125 5¥ yInn DY NP0 1NN MY TYN DY NNXR NODIVIIN NNMP
19901 2WON XOY DI N NIRY DY 1YND JN) OXN .0ONNWVN

1,1-2 NN X ~exp(4) ox:non

E[X2]=(E[X])2+Var(X)=? FERT

:NNVN
TWN NN IRNY 1 (Hyper-exponential) PH »59nn mowin qun 3.7 yo %9 5y 10K
: N2 )9INI MPYN

:IYN TYVHN DY DN IVN)

E[S?] = 0.2[{exp(2)}2] +o.5[{exp(1)}2} +o.3[{exp(4/ 7)}2]

=020 +05 +030-—2_ =2.9375
2 UE ()

Var (S) = E[S?] - (ES)® = 2.9375-1.125? =1.67

T NOMINY DT INA MNNNN T NYNMN 2 Mnn Allen-Cunneen Approximation »a by

+ 2
IUND LZ(S) : MO NNY NYPY Twn nomn oy M/M/n 7ina nnnnn
2 N YW TIYN NN awny . C*(S) = Var(S)2
(E(S)
2
1+C°(S) _1+1.32 211651 ,C(9) :il —132>1
2 1.125

M/M/n 7m2 mnnnn a1 Y810 517 7170 1Y NN MINNNN YT YXIND 109

NPXIPN MY v Yo ;C>1  Hyper-exponentia n1oonna 19w n”98 Nn»n 1 RSN
9P (NYIN A8 IMNY MDY TYN NIMN DIMN DY) DONIY 1900 IMK DY 1991 NoyN1
N DN MINK PIUN
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DINDYIN 12 50 M) .NMIYVY 48 Tin DIND DIDIND MYN 1NN DY TV ¥ WINN 2NN 3.9
1
D ONIPNI MYPIANN o 92PN TNN Y5 ,XIND Y2NI2 DINDN DINYIN 1NNY DIDNDIIN

NN .OPN M9 DY TNN JIDINI NDIONND MVYPIAN NDD M) MYV 8 ¥ NTIAY D2 D N D
NDIINY MIMD NN SVW NYP D0 ,M1OY MTY MIAPN DN DN SY MYPI »D

1IN XYY NINT DY ,NN2 NINNDIY DMIND 1PRY DN DY MYPA 29 DY M9>TY NYapn NNY
NN Y 035991 DNN OXN IND NYIN DY NYPA NDD S NYPIAA 190N NN PO
MDY DINP XOY D) DY TY2 TiyY MdNY 1N DND 7T THYY I 102 PIIN YINRD
NTNIY NN NTNA NOIWNN DIYHD MYNN WM ,0IMPONI B2INN DXIVIN NN
TV

SONRYA DY MIYY G0 DIPN YW NAN NHnYa ,aY MY

:N2WN
MTYN AN MYAPN DMIND DN v Mupa Twrd ,Non-preemptive N>ty 71na 171nm

Pt NYMN NN 2wN . M/G/1 7N Yy X917 995 MynInn mwpan Sy YonoI . an»a NN
2PN MYPA SV Y55 NDND AXP .0MIND DN HY MYPA DY MNNIN

A -8 =0.875 requests/ hour (per doctor)

802
A, =0.2[0.875=0.175 requests/ hour :0»mMo 09IN ¥ MYPA NDMD I8P

A, =0.500.875=0.4375 requests/ hour :yv7D 51N ¥ MYPa NO”O 8P
A, =0.3[0.875=0.2625 requests/ hour : 0NN ©9IN H¥ MYPa RO 28P

1
M =—— =2 :0MND DN HY MYPI1 NV I8P
' 05

Uy =41 TN D9IN HY MYPA1 090 AP, L, =1 Y0710 9N HY MYpaa 190 axp

MO 95 N2y C?, (S) =1 ,1797¥0 DNAYINN MYPIN M 93 HY MPWYN P2wWNY NPON

DV NYPIA NYIN NYA D19V NRNNMIN NYP DY MPYN TUN THIRY NONMIN XN .MYPIan
1IN MNND NOIN

E(R) = pE(S) + p,E(S) + p,E(S) = 2205+ 243701, 02625, 754 og5
2 1 (4/7)
E(R)_ 1285

EW,) = =1.408 hours 99

1-p, 1-0.0875
INY NEP TIN YNNI NONVI MM NN DY NYPA D DAPI NYPIAL VN AT DY TN?
NOIYNY NNDON OPNYYN

TN AN M2 7PN MINNNN PIT 0IN2Y DX9IN D) ¥ 1997 ,MINNN AT NOMN P DIAN SN
48 TIN MYN DAP> 97N DIINN DY MYPIAN NN ,NDIII TI-D5 NYNINN DN D NNND 1M
My

20




: 7PN ODINN DI DY NMINNKNN PIT NONIN NMDTY NN DN KD ON

0.984 ﬂ_+1.32
4 2

2
nnn P, EW,) = E(S) 1 'Op EPCZ (S =1.1250 =80.25 hours

VAPV TN
Sv NNX NOWNY , M /G /1 5w nnian moyn 12-n NOIYHRN NMVPLIIIN NN MIYI DN

NN NINKN YT YRID L(DORNIN 12 Y2 2y TN NN YN YR nown) M /G/12
DTV TINYI INY,12 99 AP MINNN

DNYPA DIV DMVMY DIDINT ITDN NN IWINY NN MNIAN TIVN HYW NSO NIVN 3.10
INND DMNN TYN NYNINA D) DTN DIV DIIND MND NYIDY 12D NI D0 YN

. 12100 D9IN HY (NWPA DNPNS INNRD) DONN NOMN DX 7, - 2 JI0) .IYPIN DN

NYIAP ITOA NPIDTY NYIAPY YDVINIVIN Y WM, 0P DNTHYY NN DOVHNYNI
.DON2IVN NN 1IPADN .IT NIVH MIVYND NIAND NWYY DDINND

:NNVN

39 5Y MMDTY \NN 7O WXIW HHON .1 NN DVIN DY MYPIL DI190N TUN DX L4 - 2 1DD)

NP2 M XIN DY TIY ONIY DIIND NP2 N2 MTY I IMDD ,ﬁ
T

=G4 T
M2 TN NXIN DT TIY ONY OI2IND TN 191D M

,DONF DID0N ANP D N DN ,NNIA T CL - N YYD NDAPNA PDVINIVIN JI9INI
M5 ,ANNA NIXPN DPNN NYMIN XYY DN HY MYPIAY MDTY N\ RR 4 = 4 i 9o
Anvamané

(Shortest Process Time) SPT — 1 955 535 Ry 1w 110 %X MY DPNN NOMNY N%) DX

NI A4 010D I8P ISPN NIN DDV TYN ONAYY DN DY MYPIN NN OTIP 53PN

NP1 Man
22V0 PINY HHON Y9 DY MDTY 111 NNV D1NN NONIN DN DY MPYN dA8P D) DN)
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M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W, >0} 2 By, =Ym= i

izn n 1— P

* M)

Erlang-C computation: via recursion, see Erlang-B below,

Erlang-C approximations: important later in course.

Number-in-guene:
P{L, =i} = By, (1—p)g', 10,
ar
I o [ﬂ | wp 1— Fa,
Geom=p(l — p) wp Ea,

Waiting time distribution:

]“Fq 0 wp 1= E‘E.ﬂ.

p

1
n

Exp [111&?3,11: ﬁ] wp Ea

Compare with M/M/1!

Departure process: Poisson(A) in steadv-state.
Proof via reversibility, as with M/M/1.
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M/M/1: Further Properties

e Delay probability (PASTA )
P{W,; =0} = p.
e Waiting time in queue (ziven delay, it 18 exp):

W, 4 () wp 1—p
1 exp |:'1ru=111 - i} wp
_ e o

Note: E[%]=Dx [l—p}—i—%_ﬂ X p= %
e Number-in-system/queune:
Elfj=ct—y E[L]- U
= 1—p
e Server’'s utilization (occupancy) is p = A/p.

Via Little's formula, EL]]]J]]E“d to “system = server’ :

= lml— L d?,t-:.hx—.
= i A jf] Server| l;" 1
e Departure process in steady state is Poisson (M) (Burke's
theorem ) — usehil in quensing networks.
support: Reversibility implies that the departure process equals
(i1 distribution) the arrival process. Furthermore,
Average inter-departure time =

1 ](1 l‘\ _
UL (l=—p) =

23



Approximating G/G/n

Stability condition: p=-2 < 1.

T

Kingman’s Exponential Law:

i
E

Vv

[
\

1

CH A+ CES)
1—p :

2 g .
-
&)

]

exXp (IHE&H =1
n

0

) . wp Ea,,

. otherwise.

In particular, a popular measure for service-level, used to determine

]..I-‘}ﬂ.

the number-of-servers n. is:

1 , 2n(1 — p)
P{W, >z - E(S)} = Ea; - exp (—:r A 1 O5)
Allen-Cunneen Approximation:

2 2
" n 1l—p 2

or equivalently,

C2(A) + C2(S)

EW,) = E(W, yn/m) - 5
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/ .

\
Al
A
\
N
Nk

AViwi

N

N
N\

N\

\
\\
AN

P{Wait>0}

/7
AP

™
™

L R
[

—— Halfin-Whitt —— GMR{0.1) GMR(05) —GMR(1) —GMR()

—GMR(E) = GMR(10) GMR(20) =—GMR(E0) = GMR{100)

GMR(x) describes the asymptotic probability of delay as a function of B when
0/ X. Here, 6 and u are the abandonment and service rate, respectively.
1 I P y

Note: Erlang-C = limit of Erlang-A . as patience T indefinitely.
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Sorviee Enginecring

Recitation 13: Priority Queues
M/G/1 with priorities

e K customer classes, indexed bv k =1, ..., K.
e Class k arrivals: Poisson, rate Ap.

e Class & service times: S, - generally distributed, with
my = E(S;) and E(S?) both finite.

e Setting the priorities: Set highest priorities to 1, then
2. .0 lowest to K.

e Assume FCFEFS within each priority class.

e Non preemptive first (Later, preemptive-resume).

Steady state < p = o1+ -+ pr < 1, where pp. = Apmy.
Convenient notation: pr=p1+---+p, 1l <E< K,

Note: pp = fraction of time allocated by server to class k.
| — p = idleness/availability.

L 1-1-"5" ) - expected waiting time of class £ customer,
* E (ij} - expected number of waiting class k customers.
* E(U) - expected unfinished work in the system.

* E(R) - expected residual service time.
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Calculation of E{H-"r:f‘]. Non-preemptive regime

1. E(W})= E(R)+mE(L)) = E(R)+ pE(W})
= E{I—V;} = E(R)/(1 — py) , as before (K = 1).
2. E(W?)=E(R+mE(L)+meE(L}) +  mMEW,)

-
wait due to class | & 2 in quene wait due to olass |
arriving during wait of 2.

= E(W]) = E(R) + pE(W}) + pE(W]) + p1 E(W2)
= E(W?)=[E(R)+p E(W/(1 —py — p2) =
T E(R)/[(L —p1)(1 — p1 — pa)]

substitute £{ ﬁ-"qj )

k. EW}r=ER+my-ELl+--<+my-EL; + \ymEW}F +
e .:’L,[_-_l’.r'.l"l,!;_|Eu-ijl

= = ER-FP;EH_J +-- '+PL-—1E["I?\_1+{p] 4. _|_P”E‘H'{f

E(R) +pEWJ) + -+ + gt E(WF™)

E(WF) = k>1
e (1= pr—pg—rrr —pp) -
. 2] £ Pr-1
_ Iflnduc-t.ion} E[R} 14 1—m T (I=pi){l—pi—p2) T [(1—gp_al{l—pr_1}
1 — g
. ER)
(1 — pe—1)(1 — py)
The last equality can be derived via simple calculations.
1 X .
We now show E(R) = = 3 AnEd _'jijl
2 k=1
1+C45) 1 ;
E(R)=(1—p) 0+ X pum hub 1P = ME(S]
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Calculation of E|{ 1-1-};’*']. Preemptive regime

Now, Class & does not “see” classes K+ 1,..., K.
E(R
Recall: for M/G/1-like quenes. E(U) = l At E(W,)
—p
: E(RF) k-1 o
E(W,) = Ay [E(WS) +my.
. I—M+~wwﬂ+gfmﬂ'ﬁﬁwﬂ
j < k — 1 preempts k
E(R*
_ 2 + pPr— J[EFH ) + ]
| — J|'J';:_
. E(R*) Bri
E(W}) = - = =5 My
L (1 =)l —pr—1) 1 — pr— A
k 208 i ”
'\‘r’]'!L‘I’E‘ EIIR}‘] — E P} ] ‘rﬂ'_f i HL _ i E 1_}
=1 2 2
o _ﬂ.l—m_ml—m L B 8
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(193 16) DPINN — 4 NHNY

vavnNN NN Erlang B 51mnd QED — 1 vawn : NRNIN 29T DWW DININ DIXTDYN Nva
.DYMDN DXPON IPNNDI MINN

IMONT,ONINN VAN DY NPNTRN HVPRHNN NPXVINVINN N ,QED — N vovna 4.1

=R +AR . R=%

:DAVN

20NN A PON X IOV, NN 4.2

:DwN
Xp—R H—R}
P <
{ vVR ~— VR

20NN B pHn N mdbwn ,nncna 4.3

: NAVN
Pin—1«< Xp £ mn}
n—R—-—1 Xp—~R n— R
= | o <

P{3 — \lm < N(0,1) < 3}

Q

AB) _
B(0z)

NN NOSPNY D -3 N(O,1) »pn MNwn HY MDANN NOXPN YT @ TWNRD

h(=£) > o1 1317 ,nNona wamn Cnx o ,QED — nvawna 4.4

DNYONN NMIN DY NHAVNNPN

:D2IWVN

LP(L)=1-P(=L) ™ AL) =@—£) MOITHVD MY NNYIND HY MIVION
AB) - A-B) _ ,
op) 1-orp P
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The Erlang-B Queue in the QED-Regime

Recall the Erlang-B Formula:

El.n g P{B]O[‘k@d} —

Consider a sequence of M /M /n /n queues,

Rﬂ

T Rj
n!/ j=o j!

indexed by the number of servers n = 1, 2, . ...

e )\, = arrival-rate, varies with n;

e ;1 = service-rate, fixed (independent of n).

e R, =\,/p (Offered Load) ; p, = R, /n (Load per Server);
We shall use R and p, without the subscript n, for simplicity.

Theorem (QED Erlang-B; Jagerman, 1974)

As n — o, the following 3 statements are equivalent:

1. Customers: E;, =~ %

n?

vVers: mor T ol
2. Servers: p=1 =i

3. Manager: n =~ R+ 3VR

in which case

for some v > 0;

for some —o0 < B < o¢;

(square-root “staffing”);

y =|h(~h) =

5(7)

4(5)
2(3)

C l«— NN

where ¢, ®, P and h are the density, cdf, survival function and

hazard rate of N(0,1) (standard-normal), respectively.

= = = —— -'Ijﬁ
Note: Servers’ Occupancy ~ 1—=-,

30
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QED Erlang-B: Proof

Proof:
2 <= 3 is straightforward algebra from the definitions.

3 = 1. Assume n = R+ BVR. The key observation is a
Poisson-Representation of the Erlang-B Formula:

B P{Xp=mn}
l,'n = P{XR E ﬂ.} Y
where Xp < Poisson(R).
P{Xp<n} = A «— IMYHYN
“L° PIN(©0,1) < B} = B(B).
PiXp—n} =
B «— MYVYN
T
~ ﬁ : G){ﬁj) ~ ﬁ : Q(BJ
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Notation Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) o) = (5)ptam " 0<p=1l-gq<lin>1 kE=0,1,...,n p-e'+q" np npq
ko ke
Multi- () = ——— D 0<p; i=1in>1 E(X;) = np; cov(Xi, X;) = —np;
X ~ Mult(n, p) pe) el 02 Py pi=linz 0<z;y i Ti=n (Xi) = nps viXi, Xj) PiFi X; ~ Bin(n, p:)
nomial r = (x1,...,Ts) p=(p1.,....¢%) ! i=1,....k (i # 4)
Negative ) ™ Number of trials
.w , X ~ NB(m,p) iiwﬁ_uiaa_af! 0<p=1l-g<l;im>1 k=mm41,... T$L m mg .
Binomial ¢ P till m-th success
Geometric X ~ Glp) (k) =¢* 1. p n<p<i1 k=1,2 pee! i ] X ~ NB(1,p)
=L ~ I PR =4 F =Pz s =1y g Toaer 7 -3 - s F
. —A Lk
Poisson X ~P(A) plk) = === A>0 k=0,1,... exp{—A(1 —¢")} A A
H AJVA M v N Mo © M) < & N — special elements
per- k) \n—k VM = 0; max(0, n — | : M inary g
¥ . X ~HG(N,M, n) plk) = N , = Mr. n;ﬁ;& ] ordin .:.u., ones
geometric " 1l<n< N+ M k < min(n, N) n — sample size
k — special in sample
Density Function
f = - a a g .
Beta X ~ Betala, 3) Lat8) 4o 11— g1 a,8 >0 0<t<1 Complicated -7 auﬂ_a a =3 =1 — Uniform
Tla (5]
Tiz)= [T u* e "de
Gamma X ~ Gammal(o, A) flt) = Fnﬂhle_unh a, A >0 t>0 (1—4£) = & WDM ( .-ﬁc
=f(x—1)I{x—1)
Erlang X ~ Erlang(n, A) Flt) = % n=1,2,...;A>0 t>0 T — Wv " » = X ~ Gamma(n, A)
Expo- ) At L) 1 1
X ~ Exp(A) F(E) = e A0 t>0 (1-%) 1 2 X ~ Gamma(l,A)
nential A
a2 H.ﬁﬂw = o a9 o
Normal X ~ N(p,o7) —e<p<oo; >0 —oo <t <o exp Lhmt + lea.uw I o
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