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Theoretical Calculation and Statistical Estimation
of Hazard Rate

Example: consider the following service time distribution:

>
expi1/3) \

0.3
l}.ll expi1i5)

Its hazard rate ean be ealeulated theoretically:

expi1i2)

016 e™%/5 4 (20/60) . e~*/3 — 0.6. =2

k = 7 ]
(=) 0.75- 25 4 1.45 . e=2/2 — 1.2 g—2/2

How do we estimate hazgard rate from data?

Description of simmlation experiment.

10,000 independent realizations of serviee time above were simulated in Exeel. The theoretical
hazard rates were plotted and compared against estimates of the hazard rate, based on the

simulation data. (The method used for hazard rate estimation is deseribed on the next page.)
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M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:
B 1
P{W,>0} & Eyp=Xm=—-— 7.
{ i) } 2n t%:” I Al 11— P il
Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-guene:

P{L,=i} = Ess-(1—p)df, 1>0,

0 wp 1 —FEy
L‘q — [ "

Geomzg(l — p) wp Eay

Waiting time distribution:

W, (0 wp 1— FEs,
p Exp [nm-a.n =L ﬁ,] wp Esy

T

Compare with M/M/1!

Departure process: Poisson(A) in steadv-state.
Proof via reversibility, as with M/M/1.

22



M/M/1: Further Properties

e Delay probability (PASTA )
P{W,; =0} = p.
e Waiting time in queue (ziven delay, it 18 exp):

W, 4 () wp 1—p
1 exp |:'1ru=111 - i} wp
_ e o

Note: E[%]=Dx [l—p}—i—%_ﬂ X p= %
e Number-in-system/queune:
Elfj=ct—y E[L]- U
= 1—p
e Server’'s utilization (occupancy) is p = A/p.

Via Little's formula, EL]]]J]]E“d to “system = server’ :

= lml— L d?,t-:.hx—.
= i A jf] Server| l;" 1
e Departure process in steady state is Poisson (M) (Burke's
theorem ) — usehil in quensing networks.
support: Reversibility implies that the departure process equals
(i1 distribution) the arrival process. Furthermore,
Average inter-departure time =

1 ](1 l‘\ _
UL (l=—p) =

23



Approximating G/G/n

Stability condition: p=-2 < 1.

T

Kingman’s Exponential Law:

i
E

Vv

[
\

1

CH A+ CES)
1—p :

2 g .
-
&)

]

exXp (IHE&H =1
n

0

) . wp Ea,,

. otherwise.

In particular, a popular measure for service-level, used to determine

]..I-‘}ﬂ.

the number-of-servers n. is:

1 , 2n(1 — p)
P{W, >z - E(S)} = Ea; - exp (—:r A 1 O5)
Allen-Cunneen Approximation:

2 2
" n 1l—p 2

or equivalently,

C2(A) + C2(S)

EW,) = E(W, yn/m) - 5

24




Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/ .

\
Al
A
\
N
Nk

AViwi

N

N
N\

N\

\
\\
AN

P{Wait>0}

/7
AP

™
™

L R
[

—— Halfin-Whitt —— GMR{0.1) GMR(05) —GMR(1) —GMR()

—GMR(E) = GMR(10) GMR(20) =—GMR(E0) = GMR{100)

GMR(x) describes the asymptotic probability of delay as a function of B when
0/ X. Here, 6 and u are the abandonment and service rate, respectively.
1 I P y

Note: Erlang-C = limit of Erlang-A . as patience T indefinitely.
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Sorviee Enginecring

Recitation 13: Priority Queues
M/G/1 with priorities

e K customer classes, indexed bv k =1, ..., K.
e Class k arrivals: Poisson, rate Ap.

e Class & service times: S, - generally distributed, with
my = E(S;) and E(S?) both finite.

e Setting the priorities: Set highest priorities to 1, then
2. .0 lowest to K.

e Assume FCFEFS within each priority class.

e Non preemptive first (Later, preemptive-resume).

Steady state < p = o1+ -+ pr < 1, where pp. = Apmy.
Convenient notation: pr=p1+---+p, 1l <E< K,

Note: pp = fraction of time allocated by server to class k.
| — p = idleness/availability.

L 1-1-"5" ) - expected waiting time of class £ customer,
* E (ij} - expected number of waiting class k customers.
* E(U) - expected unfinished work in the system.

* E(R) - expected residual service time.
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Calculation of E{H-"r:f‘]. Non-preemptive regime

1. E(W})= E(R)+mE(L)) = E(R)+ pE(W})
= E{I—V;} = E(R)/(1 — py) , as before (K = 1).
2. E(W?)=E(R+mE(L)+meE(L}) +  mMEW,)

-
wait due to class | & 2 in quene wait due to olass |
arriving during wait of 2.

= E(W]) = E(R) + pE(W}) + pE(W]) + p1 E(W2)
= E(W?)=[E(R)+p E(W/(1 —py — p2) =
T E(R)/[(L —p1)(1 — p1 — pa)]

substitute £{ ﬁ-"qj )

k. EW}r=ER+my-ELl+--<+my-EL; + \ymEW}F +
e .:’L,[_-_l’.r'.l"l,!;_|Eu-ijl

= = ER-FP;EH_J +-- '+PL-—1E["I?\_1+{p] 4. _|_P”E‘H'{f

E(R) +pEWJ) + -+ + gt E(WF™)

E(WF) = k>1
e (1= pr—pg—rrr —pp) -
. 2] £ Pr-1
_ Iflnduc-t.ion} E[R} 14 1—m T (I=pi){l—pi—p2) T [(1—gp_al{l—pr_1}
1 — g
. ER)
(1 — pe—1)(1 — py)
The last equality can be derived via simple calculations.
1 X .
We now show E(R) = = 3 AnEd _'jijl
2 k=1
1+C45) 1 ;
E(R)=(1—p) 0+ X pum hub 1P = ME(S]
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Calculation of E|{ 1-1-};’*']. Preemptive regime

Now, Class & does not “see” classes K+ 1,..., K.
E(R
Recall: for M/G/1-like quenes. E(U) = l At E(W,)
—p
: E(RF) k-1 o
E(W,) = Ay [E(WS) +my.
. I—M+~wwﬂ+gfmﬂ'ﬁﬁwﬂ
j < k — 1 preempts k
E(R*
_ 2 + pPr— J[EFH ) + ]
| — J|'J';:_
. E(R*) Bri
E(W}) = - = =5 My
L (1 =)l —pr—1) 1 — pr— A
k 208 i ”
'\‘r’]'!L‘I’E‘ EIIR}‘] — E P} ] ‘rﬂ'_f i HL _ i E 1_}
=1 2 2
o _ﬂ.l—m_ml—m L B 8
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The Erlang-B Queue in the QED-Regime

Recall the Erlang-B Formula:

El.n g P{B]O[‘k@d} —

Consider a sequence of M /M /n /n queues,

Rﬂ

T Rj
n!/ j=o j!

indexed by the number of servers n = 1, 2, . ...

e )\, = arrival-rate, varies with n;

e ;1 = service-rate, fixed (independent of n).

e R, =\,/p (Offered Load) ; p, = R, /n (Load per Server);
We shall use R and p, without the subscript n, for simplicity.

Theorem (QED Erlang-B; Jagerman, 1974)

As n — o, the following 3 statements are equivalent:

1. Customers: E;, =~ %

n?

vVers: mor T ol
2. Servers: p=1 =i

3. Manager: n =~ R+ 3VR

in which case

for some v > 0;

for some —o0 < B < o¢;

(square-root “staffing”);

y =|h(~h) =

5(7)

4(5)
2(3)

C l«— NN

where ¢, ®, P and h are the density, cdf, survival function and

hazard rate of N(0,1) (standard-normal), respectively.

= = = —— -'Ijﬁ
Note: Servers’ Occupancy ~ 1—=-,
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QED Erlang-B: Proof

Proof:
2 <= 3 is straightforward algebra from the definitions.

3 = 1. Assume n = R+ BVR. The key observation is a
Poisson-Representation of the Erlang-B Formula:

B P{Xp=mn}
l,'n = P{XR E ﬂ.} Y
where Xp < Poisson(R).
P{Xp<n} = A «— IMYHYN
“L° PIN(©0,1) < B} = B(B).
PiXp—n} =
B «— MYVYN
T
~ ﬁ : G){ﬁj) ~ ﬁ : Q(BJ
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Notation Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) o) = (5)ptam " 0<p=1l-gq<lin>1 kE=0,1,...,n p-e'+q" np npq
ko ke
Multi- () = ——— D 0<p; i=1in>1 E(X;) = np; cov(Xi, X;) = —np;
X ~ Mult(n, p) pe) el 02 Py pi=linz 0<z;y i Ti=n (Xi) = nps viXi, Xj) PiFi X; ~ Bin(n, p:)
nomial r = (x1,...,Ts) p=(p1.,....¢%) ! i=1,....k (i # 4)
Negative ) ™ Number of trials
.w , X ~ NB(m,p) iiwﬁ_uiaa_af! 0<p=1l-g<l;im>1 k=mm41,... T$L m mg .
Binomial ¢ P till m-th success
Geometric X ~ Glp) (k) =¢* 1. p n<p<i1 k=1,2 pee! i ] X ~ NB(1,p)
=L ~ I PR =4 F =Pz s =1y g Toaer 7 -3 - s F
. —A Lk
Poisson X ~P(A) plk) = === A>0 k=0,1,... exp{—A(1 —¢")} A A
H AJVA M v N Mo © M) < & N — special elements
per- k) \n—k VM = 0; max(0, n — | : M inary g
¥ . X ~HG(N,M, n) plk) = N , = Mr. n;ﬁ;& ] ordin .:.u., ones
geometric " 1l<n< N+ M k < min(n, N) n — sample size
k — special in sample
Density Function
f = - a a g .
Beta X ~ Betala, 3) Lat8) 4o 11— g1 a,8 >0 0<t<1 Complicated -7 auﬂ_a a =3 =1 — Uniform
Tla (5]
Tiz)= [T u* e "de
Gamma X ~ Gammal(o, A) flt) = Fnﬂhle_unh a, A >0 t>0 (1—4£) = & WDM ( .-ﬁc
=f(x—1)I{x—1)
Erlang X ~ Erlang(n, A) Flt) = % n=1,2,...;A>0 t>0 T — Wv " » = X ~ Gamma(n, A)
Expo- ) At L) 1 1
X ~ Exp(A) F(E) = e A0 t>0 (1-%) 1 2 X ~ Gamma(l,A)
nential A
a2 H.ﬁﬂw = o a9 o
Normal X ~ N(p,o7) —e<p<oo; >0 —oo <t <o exp Lhmt + lea.uw I o
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