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Arrival Patterns, Israeli Telecom, 2005
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Sum of two exponential random variables.

Assume that X ~ exp(\;), Y ~ exp(A2), X and Y are independent and A; # Ag. Then
straightforward calculations provide us with the following cumulative distribution function

of X +V:

Ny — N N

—dox

F(z) = 1-

Sum of three exponential random variables.

Assume that X ~ exp(\), Y ~ exp(Ag), Z ~ exp(A3), X, Y and Z are independent and
A1 # Ay #Z A3, Then the cumulative distribution function of X +Y + Z is given by:
—Aox

M NN Mh
VR V5 1§ VD VY R P VR ¥ T3 Wb ¥y R VD WIS WD W

—A3x

F(z) = 1—(

M/M/1: Sojourn Time

Sojourn time is exponentially distributed:

pl—p)  p L—p

Proof: By PASTA and the memorvless-properly of Exponentials,

N
WL sX, Xi~exp(p) iid,
i=1

N2rp414 Geom(1 — p) (from 1);
N and {X;} are all independent.

Conclude by recalling: Geometric sum of iid Exponentials is
Exponentially distributed. (The parameter is calculated via Wald. )

Aside: The latter property is essentially Poisson-Splitting. A self-
contained proof can be give via Moment generating functions:

ow(t) 2 B [exp{tW}] = E

N
exp{t - > Xi}
i=1

: ¥
= E|E [exp{t- X X} N}
_ i=1

(X independent with E [exp{tX;}] = )

p—t
. [ M N S v k=1 H k
- £|(75) ] - Zu-ot(75)
:;f(_l—p)_f(w );": pi(1 —p)
w—t p=o\p—t wll—p)—t
= Qexp(u(1-p))(t) -



M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W,>0} & By= Xm=— LI

i>n n'' 1—p

Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{Ly=i} = Epn-(1—p)p', >0,
or

L. =

q

{ 0 wp 1— Eap

GE‘-DITLEQ(:-J_ — pj wp EQ:??.

Waiting time distribution:
W, 0 wp 1 — FEoy

Up

. 1 1 - :
Erp (mean =" l_—p) wp Fo,

Compare with M/M/1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M /1.
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