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Little’s Law for Retail calls, May 2002: US Bank

i: Throughput Rate, Retail, May 2002; US Bank

Arrivals

Bay2002

to offered Retail Total

44444

\/\

W: Average Waiting Time, Retail, May 2002; US Bank (Wq)

\
(A ON

kverage Waiting Time, Betail
My 2002: US Bank

|
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L: Average Queue Length, Retail, May 2002; US Bank (Lq)

# Customers in Queue [Average) Retail
May 2002: US Bank
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Date 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
A |38476| 36144)37414] 14194 T107| 38587| 33572 33220] 33349|34009| 14807 7141|41293| 37653| 36672| 35266
W 56 33| 80] 100 6.1 2.6 1.9 19 1.8 38 105 48 3.5 34 6.8 4.2

A*W] 248] 1.39] 348] 165 050 1.14] 074 0.74] 068 1500 1.79] 040[ 1.69 147 2.91 1.71
L 2500 1401 3.49] 1.86] 0500 18] 0.74] 074 0.71] 151 1.81] 040] 1.71 147 2.94 1.73]

Date 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
A 35338| 15533| 7530[ 40534| 35493| 34070| 34005( 32512| 13100| 5909| 1558| 43980| 38163| 38416] 40284
W 54| 276 8.1 3.0 2.1 21 3.2 3.5 2.3 6.4 37.0] 5.5 2.7 25 3.2

A*WR 219] 495 071 141 0.87] 0.83 1.25 1.30] 0.35] 044] 067] 329 1.18 111 1.47]
L 2201 497 071 1.42] 0.88] 0.84 1.27 1.31 0.37( 0D.44| 067] 330 120 1.12] 1.45)
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Little’s Law for Retail calls, August 16th, 2001: US Bank

+: Throughput Rate, Retail, August 16™, 2001; US Bank

Arrivals to quese Retail
16 Angust 2001

7:00 9:00 11:00 13:00 15:00 17:00 13:00 21:00 23:04

Tima (Rescloticn 30 min.}

W: Average Waiting Time, Retail, August 16", 2001; US Bank

Average wait time(waiting) Retail
16 August 2001

Moans, Sezonds

7100 9:00 100 13:00 15100 17:00 19:00 21:00 23:00

Fima (Resslubien 30 mis. )

L: Average Queue Length, Retail, August 16™, 2001; US Bank

# Customers In Queus [4verags) Ratsl
suguat 1€, 2001; US Bank

Average Humber in Queus
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700 800 11:00 15:00 18:00 1700 1800 21:00 23:00
time (recciution 30 min)

[~=2 Customears In Queus ——Lites Law

Time 7:00 7:30 8:00 8:30 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
A 443] 639] 987 1291 19948) 2166] 2278] 2231) 2158] 2135| 2000] 1408] 12311] 1303| 1323] 1285] 1340
w 1.7) 32| 12 15) 24 28] 24] 26 20 13 13 0.8] 1.0 1.0{ 08 08 15

AW ) 042] 1.14] 068 1.06] 2.72] 342] 3.01] 3.18] 2.44] 1.55] 1.47] 064) 0.72) 072) 062 0.59] 103
L 0.42] 1.14] 0.68] 1.06] 2.72| 340] 3.02] 3.17] 2.41| 1.59] 1.48] 064] 072 072 062 057 1.1

Time 15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 1258| 1235| 1167 942| 788 752| 803| 619 485 437] 421] 386] 336] 311] 274] 251 193
w 35] 36) 158] 42| 24] 49| 51.9] 100] 35 17 13 21 33 14 20] 143] 326

AW 12422] 2.45) 10.2) 2173 1.08] 2.05/23.16] 3.43| 0.95) 041)0.314] 044 062| 024 030 2.00] 3.50
L 23ﬂ 249 WO'I?I 2.16] 1.07] 1941 23.11] 359] 0985 040] 031 045] 062] 024] 030 1.83] 363
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Law for Russian calls, May 23rd, 2005: Isracli Telecom
2: Throughput Rate, Russian, May 23", 2005; Israeli Telecom

7:00 s:00 11:00 13:00 15:00 17:00 19:00 21:00 23:00

#ims (Resslutisn 30 min.)

W: Average Waiting Time, Russian, May 23“1, 2005; Israeli Telecom

Bverage wait time{all) Bussian

23 May 2005

Masns, Saconds

7:00 5:00 11:00 13:00 1500 17:00 19:00 21:00 z3:00

Time (Resslutiss 30 min.}

L: Average Queue Length, Russian, May 23”’, 2005; Israeli Telecom

& Cust;me;g irénaoqgel‘.le (AFETBIQEI Russian
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LA TR VAY \
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Time  7:00 7:30  8:00 8:30 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
A 12 12 22 4i 59 59 36 52 43 56 81 61 a0 46 57 56 50
W 16.9 13 14| 1660/ 1489 837 78] 274 07| 39 203] 740]1254[ 463 414) 478 377

AW 041 001 014] 424) 4383] 201] 016] 079 002 012) 091 254] 557 1.18] 154] 1448] 105
L 003 004 014 397| 4823 318] 016 079) 0.02) 012] 088 257 532) 144 136] 1.67| 1.00

Time  15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 57 52 62 70 75 79 68 68 G0 55 55 56 56 43 27 14 i
W 66.7) 224) 792 156.6] 1186) 1393) 143 6| 150.2| 179.2) 151.3| 209.5) 2195] 224 7| 384| 337] 1070 07

AW 208 065 273] 609 4594 611] 542| 583) 507] 462 640 683] 699 211 051] 083 000
L 213] 062| 234 551 582) 561| 603 304 863 434 599 7.18] 635 261| 051] 083 000

(N3N N2IWNN NN D11Y NHD) NN Nb@@m’pm Little o : p2wn
920N

NINY 120N .0»PNN TN &Y Little pin ,miyw yxsn Sw 198191192 19RY 1Y RN 3 90
Y DT VP TPINA .12 DNV TN YOP TP INDND M3 NIPNRY NN XD OOPNN KD
MYYONSN DY DT NYOYN ¥ 11DV 1PXIDINIA 1997 ,NYY INNN AN DIPNNND MMPD

.0»pnn’ N Little nnond onmn oapy




(1009907 N29¥N) K90 PaINa Little pin nncn (mnps 2) 1.1.4
,2NIVIND PITI NN MY MMPON 190N — N 1Ho) . [O,T] 9D T HNIVIN YIAPI
N 8P —A |t 3 nowna mmpon 1von —L(t) , i mpY dw noayna mnw oy - W
.E[L] = AE[W] :Little p1n NN N2n 9130 1192 1090 N9WHY MMpH

(N2 TNY2 NNDINN NN 12ND)

W

A(T)=N # customers ‘/-\

[&]

N™¥NTID0INY 1
"oy time

L(t)

time

L(0)=0 L(T)=0




: NAVN

10, TTyova, mmpon 55 5w ,mnwin iy 55 70, S=W, +W, +...+W 100

A=N/T -, E[W] =S/ N :0”pnn by

JE[L] = % S : D»PNN DIVL MXNPNADIIV TID HY

: Y2 9NN
S NS
E[L]===——=A
[L] T TN HW
Srun




D92I¥oN BINNN — 2 PN

DYN%1) NX) DONIN MMNTH NV IYIPNN PRY 7 PIDA 7191T-191072 1812 MDTHN
£ (19192 NN NN DOWOLN OPN MMPHY

Report 1
_ _ Average Service| Offered | Number of| Average Wai| Served Immediatel
Time | Arrivals )
Time (sec) Load Agents (sec) (%)
7:00 58 410 13.2 15.3 107 55.8
7:30 42 450 10.5 13.9 42 724
8:00 51 433 12.3 14.5 78 57.9
Report 2
_ ' Average Service| Offered | Number of{ Average Wai| Served Immediatel
Time | Arrivals _
Time (sec) Load Agents (sec) (%)
18:00 61 582 19.7 20.0 2089 4.7
18:30 58 613 19.7 20.0 2153 5.8
19:00 56 603 18.8 19.6 1578 9.2
Report 3
_ ' Average Service| Offered | Number of|Average Wai| Served Immediatel
Time | Arrivals _
Time (sec) Load Agents (sec) (%)
22:00 15 407 3.4 10.8 0.0 100.0
22:30 17 357 34 9.6 51 9.1
23:00 12 312 2.1 8.9 0.0 100.0
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Waiting Timesin Queues— 1 aYav

Queue mean half C.I. % from mean

1 1.42 0.063 4.45

2 5.15 0.318 6.17

3 0.234 0.009 5.84

4 17.4 1.49 8.5

5 5.39 0.298 5.5

6 2.65 0.076 2.86

7 15.102 1.42 9.5

8 1.589 0.071 4.46

Critical Paths— 2 n%av
Path Frequency half C.I.
s-1-3-f 0.146 0.0067
5-2-3-f 0.104 0.0052
5-2-4-f 0.750 0.0110
1.000

Critical Tasks (The probability that atask ison a critical path) - 3 abav

Task Criticality index
1 0.146
2 0.854
3 0.250
4 0.750
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M/M/1: Further Properties

e Delay probability (PASTA):
P{W, > 0} = p.

e Waiting time in queue (given delay. it is exp):

Wy a4 0 wp 1—0p

L/ exp (1‘1‘19:111 = ﬁ) wp P
o oW = . i
Note: E-[ﬁ]zUx 1-p+5xp=15
e Number-in-system/queue:

P
1—p°

M/M/n Queue: Properties

ElLl =2~  ElL,]-

Erlang-C Formula (1917) for the Delay probability:
B 1

P{W,>0} & By, = Y m=

Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{L,=i} = Ey,-(1—p)p*, i>0,
or

0 wp 1 — Es,
- |

Geomsg(l — p) wp Eay,

Waiting time distribution:
0 wp 1 — FEoy,
] ) wp Eﬂ,n

1,
n l-p

Wy _
1/p

Ezp (nma.n =
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience /.
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—GMR(5) ——GMR(10) GMR(20) ——GMR(50) —— GMR(100)

GMR(x) describes the asymptotic probability of delay as a function of f when
0

= X. Here, 6 and p are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A, as patience | indefinitely.
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Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Notation Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) o) = (5)ptam " 0<p=1l-gq<lin>1 kE=0,1,...,n p-e'+q" np npq
ko ke
Multi- () = ——— D 0<p; i=1in>1 E(X;) = np; cov(Xi, X;) = —np;
X ~ Mult(n, p) pe) el 02 Py pi=linz 0<z;y i Ti=n (Xi) = nps viXi, Xj) PiFi X; ~ Bin(n, p:)
nomial r = (x1,...,Ts) p=(p1.,....¢%) ! i=1,....k (i # 4)
Negative ) ™ Number of trials
.w , X ~ NB(m,p) iiwﬁ_uiaa_af! 0<p=1l-g<l;im>1 k=mm41,... T$L m mg .
Binomial ¢ P till m-th success
Geometric X ~ Glp) (k) =¢* 1. p n<p<i1 k=1,2 pee! i ] X ~ NB(1,p)
=L ~ I PR =4 F =Pz s =1y g Toaer 7 -3 - s F
. —A Lk
Poisson X ~P(A) plk) = === A>0 k=0,1,... exp{—A(1 —¢")} A A
H AJVA M v N Mo © M) < & N — special elements
per- k) \n—k VM = 0; max(0, n — | : M inary g
¥ . X ~HG(N,M, n) plk) = N , = Mr. n;ﬁ;& ] ordin .:.u., ones
geometric " 1l<n< N+ M k < min(n, N) n — sample size
k — special in sample
Density Function
f = - a a g .
Beta X ~ Betala, 3) Lat8) 4o 11— g1 a,8 >0 0<t<1 Complicated -7 auﬂ_a a =3 =1 — Uniform
Tla (5]
Tiz)= [T u* e "de
Gamma X ~ Gammal(o, A) flt) = Fnﬂhle_unh a, A >0 t>0 (1—4£) = & WDM ( .-ﬁc
=f(x—1)I{x—1)
Erlang X ~ Erlang(n, A) Flt) = % n=1,2,...;A>0 t>0 T — Wv " » = X ~ Gamma(n, A)
Expo- ) At L) 1 1
X ~ Exp(A) F(E) = e A0 t>0 (1-%) 1 2 X ~ Gamma(l,A)
nential A
a2 H.ﬁﬂw = o a9 o
Normal X ~ N(p,o7) —e<p<oo; >0 —oo <t <o exp Lhmt + lea.uw I o
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