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Little’s Law for Retail calls, May 2002: US Bank

+: Throughput Rate, Retail, May 2002; US Bank

Arrivals to offered Retail Total
May2002

.....

W: Average Waiting Time, Retail, May 2002; US Bank (Wq)

Average Waiting Time Betsil
May 2002; US Bank

Means

L: Average Queue Length, Retail, May 2002; US Bank (Lq)

# Customers in Queue (Average) Retail
May 2002 US Bank
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Date 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
A |38476 35144'37414' 14194| 7107| 38587| 33572| 33220| 33349|34009] 14807 7141|41293| 37653| 36872| 35266
w

56 33] 8.0] 100 6.1 26 1.9] 1.9 1.8] 38| 105 4.8 35 34 6.8 4.2
249) 139 348] 165 050] 1.14] 0.74] 074] 069 1501 179 040f 169 147 291 1.71

A*W]L 219] 496 071] 141 087 083] 125 1.30] 035 044] 067 329 118 1.11

AW
L 250 1.40] 349] 166 050 18] 074 074] 071 151 1.81] 040] 1.71 147] 294 173
Date 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
pr— — ——— —r—
A |35338| 15533| 7530 40534 35493] 34070| 34005| 32512 13100 5909| 1558| 4398038163 SSMEI 40284'
w 54| 276] 81 3.0 2.1 21 3.2 3.5 23| 64] 370 6.5 27 25 3£|
1.47]

220 497] 071] 142] o088 o084 127 131] 037 044] 067] 330] 120] 1.12] 1.48]
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W: Average Waiting Time, Retail, August 16", 2001; US Bank
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Little’s Law for Retail calls, August 16th, 2001: US Bank

i: Throughput Rate, Retail, August 16“1, 2001; US Bank

Arrivals to quese Retail
16 Zmguse 2001

L: Average Queue Length, Retail, August 16™,2001; US Bank

Average Numbes in Gusue

# Customers In GQueus [4versge) Ratall
August 18, 2001; US Bank
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A 443] 639 987] 1291 1998| 2166] 2278 2231] 2158| 2135[ 2000] 1408 1311] 1303] 1323| 1285] 1340
w 17 32] 12| 15 24] 28 24 26 200 13] 13| 08] 10 1.0 08 08] 15

AW ) 042] 1.14| 068] 1.06] 272) 342 3.01] 3.18 244| 155 147] 064) 072 072| 062 059 1.09
L 0.42] 1.14| 0.68] 1.06] 2.72) 340 3.02] 3.17] 241] 159) 148 064] 072 072| 062 057] 1.11

Time 15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 1258] 1235| 1167] 942| 788| 752 803] 619 485 437) 421 386) 336 311| 274 261 193
w 35] 36| 158] 42] 24| 49 519| 100 35 17 13) 21| 33 14) 20 143] 326

A*W |2422] 245 10.2| 2.173] 1.06] 2.05/23.16] 3.43] 0.95) 041)0.314] 0.44] 062 0.24| 0.30] 2.00] 3.50
L 2.37| 2.49[10.47] 2.16] 1.07] 1.94[23.11] 3.59] 095 040] 031 045] 062 024] 0.30] 1.83] 3.63
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Little’s Law for Russian calls, May 23rd, 2005: Israeli Telecom

A: Throughput Rate, Russian, May 23", 2005; Israeli Telecom

Arrivals to queus RBussian
23 May 2005
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W: Average Waiting Time, Russian, May 23“1, 2005; Israeli Telecom

Everage wait time(all) Bussian
23 May 2005
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L: Average Queue Length, Russian, May 23”’, 2005; Israeli Telecom

# Customers in Queus (Average) Russian
May 23, 2005; Israeli Telacom
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Time  7:00 7:30  8:00 830 9:00 9:30 10:00 10:30 11:00 11:30 12:00 12:30 13:00 13:30 14:00 14:30 15:00
A 12 12 22 46 59 59 36 52 43 56 81 61 ao 46 G7 56 50
W 16.9 13 11.4] 1660/ 1489 387 79| 274] 07| 39| 203 7491254 463] 414] 479] 377

AW 011] 0.01] 014] 424] 433 2901] 016] 073 002 012] 091] 254 557 118 154 1.49] 1.05
L 0.08] 0.04] 0.14] 397| 4283 318| 016) 073 002| 0.12] 088 257| 537 144 136 1.67| 1.00)

Time  15:30 16:00 16:30 17:00 17:30 18:00 18:30 19:00 19:30 20:00 20:30 21:00 21:30 22:00 22:30 23:00 23:30
A 57 52 62 70 75 79 (if:] 68 60 55 55 56 56 43 27 14 g
W 657] 224| 79.2| 156.6) 118.6] 130.3) 143.6) 150.2) 179.2| 151.3| 2005 219.5) 2247| 88.4| 337] 107.0 07

AW 208 065 273] 600] 454 611] 542| 568] 587] 462] 6400 683 653 241] 051] 0.83] 000
L 213 062 234] 6551 582 561 603] 304 863] 434 599 718 685 261 051] 083 000
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T 21 mann 2 7In :37n
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A 12
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;02N

36 NN 3 NN YWY NYWO MIXD 50 NN 2 TINN DY ,NYYI MNS 20 NN 1 7MNN S NO121Pn
, AN NN NODPN DOV L1 MNN 192 NNT NNNNNN NNX DD NYIND AP .NYYD M9
.P)12PAN INNY NN

N NYINA NNONX APY NI MPY YD MHIINONN DX VN 2.1.3
20 9N YNV NI 990N ,11-12 oTnya womn N2 1IN NN TINY

022IVYINA ¥ PN .0I2WONL 2DV DD 1PN .NIRNINNN INPIIY D1OMDIN OITINYM
N2 DIVNIDN NAYNI NPVINTIN NMNNDII YINIY P29DM) ~-DI90N

: N2IWN
NPT 12 NN 2 NN POV Y
:120)

(M|M|1 7)1 manna v ot = X

X ~ exp(mean =;:l hour] =exp(8)

ull-p) 8
(M|M|6 7 1) 3 mnn> Mna mnnn yt =Y
0 w.p.1-E,
Y = 1
exp| mean =—- hour |=exp(24) w.p. E,\
nu 1-p,

(3 MNN2 MmN Y NOwN Iy =2
Z~ exp(mean =5 minutes = % hourj =exp(12)

DIN2 TN NN NDIDM NS ITI T NN NN PR 2D NI 1O9) N121M) 2 MINNI M)
(1 MNna nndN

P(X+12+Y+Z >40)=P(X +Y +Z > 28) =
=P( X+Z >28)*P(Y=0)+P( X+Y+Z >28|Y>0)*P(Y>0)
%/_J H_J

sumof two exponential sumof three exponential
random variables random variables,
first scenario

=0.064*0.982+0.093*0.018 = 0.065
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Sum of two exponential random variables.
Assume that X ~ exp(A;), Y ~ exp(A;), X and Y are independent and A; # Ay. Then

straightforward calculations provide us with the following cumulative distribution function

of X +V:
Aa iz A

N — A AN

Flz) = 1— A2z
Sum of three exponential random variables.

Assume that X ~ exp(\;), Y ~ exp(Az), Z ~ exp(A3), X, Y and Z are independent and
A1 # Ay # A3. Then the cumulative distribution function of X +Y + Z is given by:

O 1 V7 VR
(A3 = A1) (A2 = A1) (A1 = A2)(A3 = Ag) (A = Az)(A2 — Ag)

—Mdax

F(z) = 1—

M/M/1: Sojourn Time

Sojourn time is exponentially distributed:

w4 exp (mea.n = ; = L [1 + LD _
pl—p)  p L—p

Proof: By PASTA and the memorvless-properly of Exponentials,

N
WL sX, Xi~exp(p iid,
i=1

N2 L+1£ Geom(l —p) (from 1);
N and {X;} are all independent.

Conclude by recalling: Geometric sum of iid Exponentials is
Exponentially distributed. (The parameter is calculated via Wald.

Aside: The latter property is essentially Poisson-Splitting. A self-
contained proof can be give via Moment generating functions:

ow(t) & Elop{tW}] = E

N
exp{t - > Xi}
i=1

i ¥
= E|E |exp{t - X X;} NH
I i=1

(X independent with E [exp{{X;}] = ﬁ—t)

I N - k
(M X ke M
- o[)] - g )
,u—t] ;.El‘ plp "
p k

_ u(l = p) 5 ( 1z wl—p)
0

w—t = ,u—t) :,u(_l—p)—t
W
1A

e

= Pexp(p(l-p)
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M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:
. .. R 1
P{W,>0} & Bpp=Sm=—— -m.

i>n n''1—p

Erlang-C computation: via recursion, see Erlang-B below.

Erlang-C approximations: important later in course.

Number-in-queue:
P{Ly=i} = Ean-(1—p)p', >0,
or

L. =

q

{ U T"-T}_:} J_ - Eg:ﬂ

GEDITLE(](:-J_ — pj wp Eﬂ:n

Waiting time distribution:

W, 0 wp 1 — Ea,

U

. 11 o E
Exp (mean = 1——,0) wp Eay

Commpare with M/M/1!

Departure process: Poisson(\) in steady-state.
Proof via reversibility, as with M/M /1.

12



"N-Model" — 2 p5n

N0) VIP mmp9 (101 N0) D937 MMPY — (MMW) MMPY ON0 %Y DYI0 1890 TPns
: DONAN DY NN DTN .(2 1900

A110) O MMPY SV NDMON asp - A, (t) e

2 09) VIP mmpb 5w noon asp - 4,(t) e

19900 NN ONIWN 0oN- N, e

27900 MNNI DNIWN DN - N, e
2 9901 MNNA OXNIVN . 24, I8P D) MMPI PI 5905 BX1D 19900 MNNI DINIVN
NNY 24, AP DXNIVN DN DX MMPIN DX .NNMPON OND NV IR NI DD
NVTN 7Y S TPIIN ..V PR NIWNA . 11,, 382 VIP — 1 mnmiph

MWD, MY 577 MPY v Nownd VIP mph yan qwxo ,ambs  Preemptive Resume
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ERRM
e
T
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N . _/l

1) = )+ t . .
Q=1 +Q:(®) IWND Li=1,2 i 10N N3N MMPYN 19010 Q, (t) TN
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£ 09X MMPY NIY I NPHTH ONY N2
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NPT ONY MY, Q, (1) -1 Q,(t) NN NN NPINIXIINTA MNNWHN NN AN 2.2.1

2NN

: NNVN

First policy:

(. _ i . _ N ‘
f'fi] =M — #111(@1 A ;’\:]) _ '”]2[[(2] N A (N — (99_}‘*]
{f!.?g ) ) .
at = Ao — pa9 (ng M ;’\-._;).

Second policy:
(@] e : . : + .
:T;] = A — !¢12(Q1 A (Ng — Qg)_) — 1111[((31 — (N — 5393_) A -"'-'1]

dQs
dt

— );-_1- — Mg (ng M ;i\"_-_)).

PN TN DALY D1 2 MHNNN DXNIY IV INN DTN 7Y T TPIIN NYI 2D INNN 2.2.2
NINN2 DXNIYN 7D INMN .NINPIN OND MWL HIVY DD 1 MNNK oXNIY VIP mmipha
NMHNNN YNV 0»NY NIV W YN VIP mipd ox .VIP mnmiph marty 0nnn 1 99010
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(MM /n+G 51 May) DOXIN DX2VPPN TR NN L3.6

0. QED: P{W, > 0} =~ «, for some 0 < a < 1;

1. Manager: n ~ R+/VR, for some —o0 < 3 < oC;
B+

2. Servers: Occupancy ~ 1 — - 7.

-~/

3. Customers: P{Ab} ~ —— for some 0 < v < o0;

val

v =a- \E h(3) -5 3 = g i

.0—2 1152010 M9*aN go

P{L-i-fa:}%} ~ [HV@ M]lq’(“mﬂ

u o h(=B) 3(3)
n t 1 [go A =
P{Ab | Wy — ~ —-, = |h(B+ i) =3
{ ' q \/ﬁ} \/’EVH [( Jojt ) ]
:( % =T =50sec qwnrd) T=50 sec May ,nv NIw N 1IN NMIRND THD DY
n

{h(fi)—ﬁ’}:o.GSS
P{Wq>T} =0.0109

P{AbWq >T}=0.5804
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: DAVN
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: D»PIN

P{Wq<T;Sr} =1-P{Ab}—P{W >T;Sr} 11
P{Wq>T;Sr}=P{Wq>T}-P{Wq>T;Ab} (2

P{Wg>T;Ab}=P{Wg>T}P{AbWg>T} (3

P{Wq <T;Sr} :1—P{Ab}—[P{Wq >T}—P{Wg>T}P{AbWq >t}]<:
=1-P{Ab}—P{Wq>t}| 1+ P {Ab|Wq > t}]
P{Abwg>T}=0.5804 : i

P{Wq>T}=0.0109

y = a\/E[h(ﬁ) —ﬂ ~0.35%+/0.5*0.655 = 0.162
7

y  0.162
P{Abl =2 =222 _003=3%
{AD] Jn o /28

P {Wq <T, Sr} =1-0.03-0.0109(1+0.5804) = 0.952 =95.2% :57no13

MY 50 TIN 0¥ NMPOIN 95.2% ,91910D
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/ .

VAV

|

AV

N

N
&

N\

\
\\
<

N A

Fllrd
/
M// B
=

P{Wait>0}

"~
=

— Halfin-Whitt —GMR(0.1) GMR(05) —GMR{1) —GMR(2)

—GMR(E)  =——GMR(10) GMR(20) =——GMR(50) = GMR{100)

GMR(x) describes the asymptotic probability of delay as a function of B when
y

= X. Here, 6 and p are the abandonment and service rate, respectively.

Note: Erlang-C = limit of Erlang-A . as patience T indefinitely.
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Erlane-A: % Abandonment

Y%Ab x /n vs. 3, for varying (im)patience (6/p):

PiAbandon} * N

7

4

—GMR[0.1) — GMR(0.5) GMR(1) —GMR[Z) —GMR(5)

—GMR{ID) — GMR{20) GMR(E0) GMR{100)

Note the behavior: slope —3, for (relatively) large negative [3 and
over all (im )patience levels. For an explanation, think ED:
n=R+AVRE=R—~R; hence v = —3/vVR = —3//n, and ~
is P{Ab} in the ED-Regime.
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Table 1: Discrete and Continuous Distributions

Distribution

Notation

Frobability Function

Moment Gen.

Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) o) = (7)ot e 0<p=1-qg<lin>1 E=01,...,n [p-et +q" np npq
ko ay k
Multi- i @ = —ml p 0<pi; i=lin>1 ElX;)=np cov(X;, X;) = —npip;
. X ~ Mult(n, p) pla) nu_:ar_zdu‘ =P MH? - _...AH,.WM_H.,\: (Xe) pi v(Xi, X5) PiP X; ~ Bin(n, p;)
nomial T = (Try...,T) p=(pP1,. . Pk) i=1,...,k (E#3)
Negative ' " Number of trials
gatlv X ~ NB(m,p) p(k) = (574)pmd* ™ 0<p=1-g<lim>1 k=mm+1,... TFJ._ m mg
Binomial T F r till m-th success
. —_ P ..1‘
Geometric X ~ GQip) plk)=q¢""'-p 0<p=<1 k=1,2,... _ﬂﬂﬁ Lu_. Mqu. ~ NB(l,p)
. —A Lk
Poisson X ~ PN plh) = =2~ A>0 k=0,1,... exp{—A(1 —e")} A A
N — special elements
Ny M N M
Hyper- n N, M >0; max(0,n— M) <k LU ey v e oy v 2 inary .
YP X ~ HG(N, M, n) plk) = A:N,A - rv x( )= M . et* p(k) N N M — ordin ATy omes
geometric ’ H 1l<n<N+M k < min(n, V) K n — sample size
k — special in sample
Density Function
Bet X ~ Bet ) fn = 3>0 0<t<1 C licated ot oo 7=1 Unifs
= ~ > X, L X, L \ icate — |a|[ =p0= i
eta eta(a, ) Pt f) a1, §o-1 o > <t= omplicatec P et B (et BT D) o —+ Uniform
Tlall(e) (-
Tey= [T u* e "de
Gamma X ~ Gammal(o, A) flt) = Nﬁlnﬂ.h|uu_nh a,h >0 t=0 (1— &)= & = (=) .‘,.c
= by
—(x— 1Tz —1)
A gn—1,—At : t " n e 5
Erlang X ~ Erlang(n, A) flt) = T n=1,2,...:A>0 t>0 ? — Hu by 3T X ~ Gamma(n, A)
Expo- X At L)1 1 1
X ~ Exp(}) ft) = 2e A>0 t>0 (1 .L 1 4 X ~ Gamma(l,A)
nential A
o .W.ﬁﬂw = o o a
Normal X ~ N(p,o7) —e<p<oo; >0 —oo <t <o exp Ant + qua.uw o o
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