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Daily Call Volumes at a U.S. Bank.
July-August 2002.
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call_id q start | q exit |ser start] ser exit | outcome | wait time | service time Agent
510013309 06:23:00 | 06:23:07 | 06:23:08 | 06:25:01 | Agent 7 113 23015
510013355 06:23:19 | 06:24:30 | 06:24:31 | 06:24.51 | Agent 71 20 23007
510013559 06:24.52 | 06:24:52 | 06:24:52 | 06:26:57 | Agent 0 125 23007
510013814 06:26:32 | 06:26:33 | 06:26:33 | 06:27:27 | Agent 1 54 23015
510013830 06:26:36 | 06:26:38 | 00:00:00 | 00:00:00 | Abandon 2 0 0
510013871 06:26:47 | 06:26:57 | 06:26:58 | 06:28:45| Agent 10 107 23007
510014006 06:27:53 | 06:27:53 | 06:27:53 | 06:29:46 | Agent 0 113 23015
510014071| 06:28:15 | 06:28:45 | 06:28:46 | 06:29:04 | Agent 30 18 23007
510014116 06:28:35 | 06:29:04 | 06:29:05 | 06:30:31 | Agent 29 86 23007
510014132 06:28:43 | 06:29:46 | 06:29:47 | 06:31:27 | Agent 63 100 23015
510014196 06:29:05 | 06:30:31 | 06:30:32 | 06:34:32 | Agent 86 240 23007
510014425| 06:30:38 | 06:31:27 | 06:31:27 | 06:34:31 | Agent 49 184 23015
510014578 06:31:32| 06:34:31 | 06:34:32 | 06:35:54| Agent 179 82 23015
510014674 06:32:06 | 06:34:32 | 06:34:33 | 06:37:04| Agent 146 151 23007
510014702| 06:32:18 | 06:33:00 | 00:00:00 | 00:00:00 | Abandon 42 0 0
510014712| 06:32:26 | 06:35:54 | 06:35:55 | 06:37:37 | Agent 208 102 23015
510014750 06:32:37 | 06:36:08 | 06:36:09 | 06:47:58 | Agent 211 709 23041
510014927 06:33:46 | 06:37:04 | 06:37:05 | 06:43:49 | Agent 198 404 23007
5100156175 06:35:19 | 06:36:04 | 00:00:00 | 00:00:00 | Abandon 45 0 0
510015368 06:36:28 | 06:37:37 | 06:37:38 | 06:39:53 | Agent 69 135 23015
510015393 06:36:35 | 06:37:54 | 00:00:00 | 00:00:00 | Abandon 79 0 0
510015405 06:36:39 | 06:39:53 | 06:39:54 | 06:51:04| Agent 194 670 23015
510015441 06:36:55 | 06:43:49 | 06:43:50 | 06:45:58 | Agent 414 128 23007
510015539 06:37:41 | 06:45:58 | 06:45:59 | 06:47:44 | Agent 497 105 23007
510015752 06:38:54 | 06:39:14 | 00:00:00 | 00:00:00 | Abandon 20 0 0
510015802 06:39:13 | 06:40:31 | 00:00:00 | 00:00:00 | Abandon 78 0 0
510016057 06:40:42 | 06:40:59 | 00:00:00 | 00:00:00 | Abandon 17 0 0
510016208| 06:41:36 | 06:47:44 | 06:47:45| 06:51:29 | Agent 368 224 23007
510016446 06:42:56 | 06:47:58 | 06:47:59 | 06:48:31 | Agent 302 32 23041
510016552 06:43:35 | 06:45:36 | 00:00:00 | 00:00:00 | Abandon 121 0 0
510016619 06:44.02 | 06:48:31 | 06:48:32 | 06:50:56 | Agent 269 144 23041
510016625| 06:44.05 | 06:46:13 | 00:00:00 | 00:00:00 | Abandon 128 0 0
510016700 06:44:32 | 06:50:56 | 06:50:57 | 06:56:20 | Agent 384 323 23041
510016708 06:44.36 | 06:51:04 | 06:51:05| 06:53.01 | Agent 388 116 23015
510016925 06:45:53 | 06:51:29 | 06:51:30 | 06:53:14| Agent 336 104 23007
510017302| 06:48:04 | 06:53:01 | 06:53:02 | 06:54:12 | Agent 297 70 23015
510017389 06:48:31 | 06:49:30 | 00:00:00 | 00:00:00 | Abandon 59 0 0
510017423| 06:48:42 | 06:53:14 | 06:53:14 | 06:54.56 | Agent 272 102 23007
510017606 06:49:55 | 06:54.12 | 06:54.12 | 06:55:49 | Agent 257 97 23015
510017636 06:50:03 | 06:51:57 | 00:00:00 | 00:00:00 | Abandon 114 0 0
510017717| 06:50:38 | 06:54:56 | 06:54:57 | 06:56:50 | Agent 258 113 23007
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Report 1

Average Fraction | Average Served
Time |[Amvals| Service DLED E;Ed Q?im:::s. Abandoming | Wait |Immediately
Time (sec) g (%) (sec) (%)
2:00| 476 160.1 423 343 218 1044 0.8
22:30| 416 196.5 454 28.9 38.7 163.2 0.4
23:00 | 346 194.0 373 24 8 41.0 171.1 09
Report 2
Average Fraction | Average Served
Time [Amvals| Service Df sz fgimbe: Abandoning | Wait |Immediately
Time (sec) | —o0C |OFOEFEEL (ag (sec) (%)
13:30 | 839 709 338 33.6 0.0 0.0 100.0
14:00| 768 75.1 32.0 57.3 0.0 0.0 100.0
14:30 | 700 80.2 312 52.8 0.0 0.0 100.0
15:00 [ 596 84.5 28.0 39.0 0.0 1.6 g8.1
Report 3
Average Fraction | Average Served
Time [Armmvals| Service DLE H;d fguﬁmbe:‘ Abandoming | Wait |Immediately
Time (sec) | 000 |OPOEFEEL L (ag (sec) (%)
13:00( 176 2022 19.8 18 8 3.7 30.6 23.3
13:30| 175 207.1 20.1 20.1 35 17.1 54.2
14:00 | 169 196.3 18 .4 209 1.8 34 747
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Fig. 1. Check-in facility queueing.
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(D nana nnin) D -4 ©91019990 0y NN DPIYN NNYONN Y Wann X 190

97y 13 NAIWN AVND D) N 10MDVITVON DINDDND NNMNNY DN MOV NNX NN 3.12
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:DWVN
1
E(X)=D +z :DTIPN PYONN NIWNN THO DY
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M/M/1: Further Properties

e Delay probability (PASTA )
P{W, =0} = p.
e Waiting time in queue (given delay, it is exp):
W, J 0 wp 1—p
Lip exp (11'10&11 = ﬁ} wp g

Note: E[#]—Dxfl—p;+—}{p £

_p'

—_—

¢ Number-in-system /queue:

—p Cl-p

utilization (occupancy) is p = A/ .

Bl - 2 EiL) -

e Server's
Via Little's formula, applied to “svstem = server™:

1
p= ]1111 T"f] L:,m,:i_.{u,u du=Mx—.

I

e Departure process in steady state is Poisson (A) (Burke's
theorem ) — useful in quenesing networks.

support: Reversibility implies that the departure process equals
(in distribution) the arrival process. Furthermore,
Average iIltE]T—(lEIJEthIlTL‘ time =

1 1
[,x ) P =5
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M/M/n Queue: Properties

Erlang-C Formula (1917) for the Delay probability:

P{W, >0} & Ey,=Ym= 1 iy

izn n' 1—p

Erlang-C computation: via recursion. see Erlang-B below,

Erlang-C approximations: important later in course.

Number-in-queue:
P{Lq = 1} = Ei*.n : rl]' - P}PE s (= D:«
or

0 wp 1— E
L‘q = | !

Geom~y(l — p) wp Eby

Waiting time distribution:
w, [0 wp 1— Ey,
I 1 Exp {Il]ﬂal’l =1. ﬁ] wp Fag,

n

Compare with M /M /1!

Departure process: Polsson(A) in steady-state.
Proof via reversibility, as with M/M/1.
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Approximating G/G/n

Stability condition: p= = < 1.

T

Kingman’s Exponential Law:

+2 A1 2 o
W, exp (mcan _ 1 ip . C [-Ugﬂ i.5])
S| ==

' 0

. WP E?:n-.

. otherwise.

In particular, a popular measure for service-level, used to determine
the number-of-servers n, is:

(N A _ 2n(1 — p)
P{W, > z-E(S)} = Eapn-exp (—12 AT C-‘Q[:Sj) , x> 0.

Allen-Cunneen Approximation:

1 FEa, C?*A)+C%S)
n l—p 2 '

E(W,) =~ E(S) -

or equivalently,

W) , C2(A) +C¥(S
E(W,) = E(W, yam) - (A4) + C°(S)
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Erlang-A: The Garnett Delay-Functions

P{W, > 0} vs. the QOS parameter 3, for varying patience 0/

A
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"]

N
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N\

N\

-
\\
<

Y
/;

P{W ait>0}

/[

N
N \

/
i
=

NI\
< N

™

D

<P
4

%

— Halfin-Whitt ——GMR{0.1) GMR(05) —GMR(1) —GMR()

—GMR(E)  =——GMR(10) GMR(20) =——GMR(50) = GMR(100)

GMR(x) describes the asymptotic probability of delay as a function of f when
0/ X. Here, 6 and p are the abandonment and service rate, respectively.
1 K P Y

Note: Erlang-C = limit of Erlang-A  as patience T indefinitely.
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-1 1903 .¥Y9N2 DO OND ,NNYINT NV ,0MON-NY1 0N S MPYN v, {A(t),t > 0}
.R(t) = EL(t) :0190n y8yman R(t) > t 272 1n59¥1na 0OwiInn 9901 NN L(t)
: DYNIN OMVIAN NWN TAR DI >T Sy N R(t) -w mNIND 17
t
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Ny M mpny R(t) Sw
t
J A(uwdu=D-E(A(t-S))
t-D

.D »001707 S -5 RPN MPYN MHIRY I3 XN Se IYUND

:DAVN

d
.§=U(0,D) .[0,D] 5y nxvonn S,

t

RHS=D-E(1(t-S,)) = D-J.%-Z(t —X)dx = J./i(t - x)dxuix j A(u)du = LHS

t
Rt)= | A(u)du :o»pnnwinoiné.1.2
t-D

t t t-D
[ A(wdu=[A(wdu— [ A(u)du :t9

t-D 0 0

:NAVN

OORYM t 3295, L(1) = A(t) — A(t — D) »nX .t yat 7y 920800 0NN 1901 = A(t) 11D

d t
991, A(t)=Poi sson( | /l(u)du] 9011 . (t — D,t] yatn 51m710»Na 0yomn Y5 nowna
0

R(t) = E(L(t)) = }/z(u)du —t_jD A(u)du = } A(u)du

0 0 t-D
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nowwnd (Offered Load) y¥ynn ©myn N1 1Hnd wown 5n R(t) -v 9200 Nno1 4.2
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:DVN
PIT DYDY NTIAY NOID NOIYNA t 132 NTIAYN NN ,DO0)1T) NON DY 2PN S IUND
915 29 Y21 730 NTIAYN YOI AXP 11N TN I ,NINYN YOI AXP ON) ,t 297 MON 19

1912 Y9N AxPN N2IN2 NNY NPND

NINRNN PN 9N 4.1 PONA R() DTN W10 299950 N9pnrn 4.2.3

:DAVN

PIT MTA NTTNI NTIAY ;T 1932 NOIWNI NIRNDIN NTIAYN Mo = R(t) ,4.2.2 -5 qunna
-R(t) = E(L(t) 195 .n%1905 mwamin nav-1nmt mTnd 9900 POYINY IN mMIPY
t
Ny Y9I t a1 NTIAYN MNOYW DTN IR N wnpn R(t) = E| [ A(u)du | »voan
t-S

CA(L) 93051 a8Pa 10 290 NYNINY

30




:DMPNNVY (7252 TPNNVIN NDNYN NPV IT DY) MINRIND 1N 4.3
t t
E| | A(wdu|= | A(W[1-G(t—u)]du
t-S —0
;0N 25 OV .S MPYN TN SV NNDINNN IXPN NN G(+) TWND
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ty3a (Offered Load) yxmn 0myo nnvxnnn 19700 1oR X0 R(t)

:DWN
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> U 1912 NOIYNA DOIRYM PITYY U 0 0vomn % = 1-G(t—u) .2

IWNINNY DXYNNI NNPNY ,t Y12 NN NTIAYN M =~ [A(u)du]-[1-G(t-u)] .3
.(U,u+du) Tuna

t
A>0 tyavanoymanmayn nmo = [ A(U)[1-G(t—u)ldu .4

—00

SNPNHAN AN NX DNNIOY 9NN P AT PHN IYY 1 0INA NHRY

9995 S 5W NIPNS 57N 4.1.1 -1 >00IPNIVTN NIPHN NR 3MNINY I T 110N 4.4
1 JIONRY DX TN WONT

E( } ﬂ(u)du] =E(S)- E(A(t-&))

t-S
9D 19D YAPNN MIPN NMINWN T DY ,DINNID 27 PITI OIPN MNWN 9D 2990 100 99
.LVIPOIT NIN) DI DY

:NAVYN
20T, S=D0j yp B 1D
U OIU(o D) o So=U: o P2 now rrnx ooy
I W.p. E(S)
ARy
t t
LHS=p j Auydu = zj A(wdu = > DE(4(t-U)))
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i t-D

—E(S)z E'( S')E()L(t U,)) = E(S)E(A(t-S.)) = RHS

31




Table 1: Discrete and Continuous Distributions

Moment Gen.

Distribution Notation Probability Function Parameters Support Expectation Variance Comments
Function
Binomial N ~ Bin(n, p) pk) = (i)t " 0<p=1l-g<lin>1 k=0,1,...,n [p-e +q" np npq
ke :
Multi- o(z) = —— p, 0 < pi; i=1Ln>1 B(X;) = np; cov(X;, X;) = —npip;
X ~ Mult(n, p) pe) 3_..3_3_? |?M_u = 0<aisy mi=n (X:) P vIX, X) PiPi X; ~ Bin(n, p;)
nomial z = (T1,....%8) p=(p1,.... ;) ! i=1,...,k (i # 7
Negative ) e ™ Number of trials
& X ~ NB(m,p) Eilguiusabu! 0<p=1—-qg<lim>1 k=mm+1,... TF_._ = mg
Binomial e r till m-th success
t
Geometric X ~ Glip) plk)=q¢""'.p 0<p=<l1 k=1,2,... $ Ln. Mqu. ~ NB(1,p)
. —A Lk
Poisson X ~P(A) plk) = =2~ A>0 k=0,1,... exp{— A1 — ')} A A
N — special elements
N M N :
Hyper- . ﬁrv As ru N, M > 0; max(0,n— M) < k & N n- ..fe,: CW .ﬂ.x. M — ordinary ones
) X ~ HG(N,M,n) plk) = YT . M__,.n pik) N M i
geometric _ " _ 1<n< N4+ M k < min(n, N) n — sample size
k — special in sample
Density Function
Bet X ~ Beta(a, 8 o= 3>0 o<t Complicated 2
eta etala, 9) Cats) ja _CIJG . a,d > <i< omplicatec === eI aTATD
T(a)T(F)
o ja—1, =Mt |...
Gamma X ~ Gamma(o, X) flt) = rhﬂml a, A >0 t>0 (1-4%) £+ w.pm
Erlang X ~ Erlang(n, A) fit)y = f_:m_\\: n=1,2,...;A>0 t>0 ? — wlv " kY ﬂ:m. X ~ Gamma(n, A)
Expo- N At L)1 1 1
X ~ Exp(A) Flt) = 2e A0 t>0 (1 .L + 4 X ~ Gamma(1, A)
nential *
Normal X ~ N{p,a%) —oo < p<eo; g >0 —oc <t <o exp %mt + Wwwauw I o2
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